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Abstract. Let C be a bielliptic curve over an algebraically closed nonarchimedean field of odd

characteristic or characteristic zero, and let f : C̃ → C be an étale double cover. We prove that, if

f specializes to a certain double cover of a loop of loops, then every Prym divisor on the loop of

loops lifts to a Prym divisor of the same rank on C̃. As consequences, we compute the dimension
of the Prym-Brill-Noether variety V r(C, f), show that it is reduced and irreducible when the

dimension is positive, and compute its cohomology class.

1. Introduction

If f : C̃ → C is an étale double cover of curves, a Prym divisor class on C̃ is a divisor class with

canonical norm. The set of Prym divisor classes on C̃ has two connected components:

P 0(C, f) := {[D] ∈ Pic(C̃) | Nmf [D] = KC , rk(D) ≡ 0 (mod 2)}

P 1(C, f) := {[D] ∈ Pic(C̃) | Nmf [D] = KC , rk(D) ≡ 1 (mod 2)}.

Given a nonnegative integer r, the Prym-Brill-Noether variety is defined as:

V r(C, f) := {[D] ∈ P r(C, f) | rk(D) ≥ r}.

The Prym-Brill-Noether variety has many properties in common with the classical Brill-Noether
variety W r

d (C) parameterizing divisor classes of fixed degree d and rank at least r on a curve C.

In [Jen26], the fourth author studies the Prym-Brill-Noether theory of étale double covers f : C̃ →
C where C is a cover of an elliptic curve. More precisely, a curve C is called k-elliptic if there exists a
degree-k map from C to a curve of genus one that does not factor through an isogeny. The k-elliptic

locus in Rg is the moduli space of étale double covers f : C̃ → C where C is a k-elliptic curve of
genus g. For a nonempty open subset of the k-elliptic locus in Rg, [Jen26, Theorem 1.1] provides an
upper bound on the dimension of the Prym-Brill-Noether variety V r(C, f). When k ≥ r, this upper
bound is achieved, meaning that for a nonempty open subset of the k-elliptic locus in Rg, [Jen26,
Theorem 1.1] computes the dimension of V r(C, f). When k < r, it remains an open question to
compute this dimension.

The approach of [Jen26] is via tropical geometry. The paper starts with a tropical curve Γ known

as the loop of loops, constructs an étale double cover π : Γ̃ → Γ, and then completely describes

the tropical Prym-Brill-Noether variety V r(Γ, π). If f : C̃ → C is an étale double cover of curves
specializing to π, then the tropicalization of V r(C, f) is contained in V r(Γ, π). Since tropicalization
preserves dimension, it follows that the dimension of V r(C, f) is less than or equal to that of V r(Γ, π),
establishing the bound in [Jen26, Theorem 1.1]. When k ≥ r, [Jen26, Theorem 1.2] provides a lifting
result, showing that the tropicalization of V r(C, f) is in fact equal to V r(Γ, π). The main result of
this paper is an analogous lifting result when k = 2.

Theorem 1.1. Let Γ be a bielliptic loop of loops of genus g and π : Γ̃ → Γ the quotient by the
antipodal involution. Let K be an algebraically closed nonarchimedean field of odd residue charac-

teristic or characteristic zero, let C be a bielliptic curve of genus g over K, and f : C̃ → C an étale
double cover that specializes to π. Then every divisor class in V r(Γ, π) lifts to a divisor class in
V r(C, f).
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Lifting results like Theorem 1.1 are of fundamental importance in tropical geometry. If one knows
that a given tropical object is the tropicalization of a classical algebro-geometric object, then one
can hope to use it to prove results in classical algebraic geometry. Because of this, lifting theorems
are ubiquitous in the subject. For example, lifting theorems have been proven for the Brill-Noether
variety of a chain of loops with generic edge lengths [CJP15, JR21], maximal components of the Brill-
Noether variety for a k-uniform chain of loops [JR21, CPJ22a], the Prym-Brill-Noether variety of a
loop of loops with generic edge lengths [Jen26], harmonic morphisms of tropical curves [ABBR15],
and abelian covers of tropical curves [LUZ24], just to name a few. All of these results have been
used in applications to classical algebraic geometry [JP16, JR21, CPJ22b, FJP25, FJP24, Jen26].

The proof of Theorem 1.1 involves three main steps. First, consider a chain of double covers

C̃
f−→ C

h−→ E, where f is étale, C has genus g, and E has genus 1. The Prym varieties of such

covers are studied in [Deb88, H1̈2, Nar92]. In particular, if the cover h ◦ f : C̃ → E is Galois, then
the Galois group is Z/2Z × Z/2Z, and thus the map h ◦ f factors through two additional maps

f1 : C̃ → C1 and f2 : C̃ → C2 in addition to f . We let RB,g,t denote the space of such covers where
g(C1) = t+ 1. In [Deb88], Debarre defines a variety Za consisting of certain pairs of divisor classes
in Pic(C1)× Pic(C2) (see Section 2.1 for a precise definition). We define

Ya := {f∗1 [D1] + f∗2 [D2] | ([D1], [D2]) ∈ Za}.
In Section 2, we survey the literature on this subject and prove the following.

Proposition 1.2. Let [f : C̃ → C] ∈ RB,g,0. If r ≥ 2, then V r(C, f) = Yr+1. As a consequence,
V r(C, f) has dimension g − r − 2 when g − r − 2 ≥ 0 and is empty otherwise. If g > r + 2, then
V r(C, f) is irreducible, and if g = r + 2, then V r(C, f) consists of two points.

In Section 3, we turn to tropical geometry. After briefly surveying the basics of divisor theory on
tropical curves, we then discuss the Prym-Brill-Noether theory of the loop of loops, as described in
[Jen26]. The main result of this section is that the Prym-Brill-Noether variety of a bielliptic loop
of loops has the combinatorial structure of a certain polytope called a zonotope.

Theorem 1.3. Let Γ be a bielliptic loop of loops and π : Γ̃ → Γ the quotient by the antipodal
involution. If r ≥ 2, then V r(Γ, π) is a union of tori, and the intersection lattice of these tori is the
face lattice of a zonotope.

In the special case where r = 2, the statement holds for every loop of loops Γ, regardless of edge
lengths.

Finally, in Section 4, we prove Theorem 1.1. The approach is very similar to the proof of [Jen26,
Theorem 1.2], which itself borrows heavily from [CJP15]. We let X be the intersection of V r(C, f)
with g − 2− r general translates of the theta divisor, and let X be, analogously, the intersection of
V r(Γ, π) with g − 2 − r general translates of the tropical theta divisor. We use the combinatorics
described in Section 3 to prove that X is a finite local complete intersection and compute #X.
We then use Rabinoff’s lifting theorem [Rab12] to show that the restriction of the tropicalization
map to X is injective, and by comparing the size of the domain and target, conclude that it must
be surjective as well. While the general outline is the same, we note one minor difference between
our proof and those appearing earlier in [CJP15, Jen26]. Both of the earlier papers use the known
cohomology class of the (Prym)-Brill-Noether variety to compute the number of points in X , but
in principle this is unnecessary. Indeed, it is clear from this proof outline that one only needs
#X ≥ #X. In this way, rather than using the class of V r(C, f) to prove the lifting result, we
instead use Theorem 1.1 to compute the class.

Corollary 1.4. Let r ≥ 2. For a general étale double cover [f : C] → C̃ ∈ RB,g,0, one has the
following equality of cohomology classes:

[V r(C, f)] = 2 · Θr+1

(r + 1)!
.
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2. Prym Varieties of Bielliptic Curves

2.1. Summary of Known Results. In this section, we summarize [Deb88] on Prym varieties of
bielliptic curves. Let C be a curve of genus g and let p : C → E be a degree 2 map to a curve of

genus 1. A curve C that admits such a map is called a biellitpic curve. Let f : C̃ → C be an étale

double cover of C. The Galois group of C̃ over E is either Z/2Z or Z/2Z × Z/2Z. In the latter
case, we let ι be the involution that exchanges the two sheets of the map f , and let ι1, ι2 denote

the other non-identity elements of the Galois group. Letting Ci = C̃/⟨ιi⟩, we obtain the following
commutative diagram:

(1) C̃

f1

��

f

��

f2

��

C1

p1
  

C

p

��

C2

p2
~~

E

One has g(C1)+g(C2) = g+1. We assume throughout without loss of generality that g(C1) ≤ g(C2).

We denote by RB,g the space of étale double covers f : C̃ → C, where C is a bielliptic curve of
genus g. LetR′

B,g ⊂ RB,g be the space of such covers with Galois group Z/2Z, and letRB,g,t ⊂ RB,g

be the space of such covers with Galois group Z/2Z× Z/2Z, and where g(C1) = t+ 1. The moduli
space RB,g admits a decomposition into irreducible components:

RB,g =
( ⌈ g−1

2 ⌉⋃
t=0

RB,g,t

)
∪R′

B,g.

Let ∆ denote the branch divisor of the map p : C → E and let P1, . . . , P2g−2 ∈ C denote the
ramification points. There exists a divisor class δ on E such that p∗δ ∼

∑
Pi. In particular, this

implies that 2δ ∼ ∆. Debarre shows that the Prym-Brill-Noether theory of the cover f : C̃ → C is
deeply connected to the variety:

Za := {([D1], [D2]) ∈W 0
g(C1)−1+a(C1)×W 0

g(C2)−1−a(C2) | Nmp1(D1) + Nmp2(D2) ∼ δ}.

We let Ya denote the image of Za in Pic(C̃). That is,

Ya := {f∗1 [D1] + f∗2 [D2] | ([D1], [D2]) ∈ Za}.

Debarre proves that Ya ⊆ P r(C, f) if and only if a ≡ r+ 1 (mod 2). Moreover, for r ≥ 1, he proves
that

V r(C, f) ⊆
g(C2)−1⋃
a=1−g(C1)

a≡r+1 (mod 2)

Ya.

We will use the following key observation.

Lemma 2.1. If g ≥ 3, a ≤ g−2, and Za is nonempty, then Za is irreducible of dimension g−1−a.
When g(C1) = 1, the variety Zg−1 consists of two points.
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Proof. This is shown in [H1̈2, Lemma 5.3] in all cases except when g(C1) = 1 and a ≥ g− 2. When
g(C1) = 1, the map p1 : C1 → E is an isogeny of degree 2, hence Nmp1 has kernel of order 2. It
follows immediately that

Zg−1 = {([D1], 0) | Nmp1(D1) ∼ δ}
consists of 2 points.

We now show that, if g(C1) = 1, then Zg−2 is isomorphic to C̃. Since C̃ is an irreducible curve,

the result will follow. Let δ′ ∈ Nm−1
p1 (δ). Consider the map k : C̃ →W 0

g−2(C1)×W 0
1 (C2) given by

k(x) = (δ′ −Nmf1(x),Nmf2(x)).

Note that, since g ≥ 3, we have g − 2 ≥ 1, and since g(C1) = 1, every divisor class of degree g − 2
on C1 is effective. Hence, the image of k is contained in Zg−2. Moreover, one has the commutative
diagram:

C̃
k //

f1
!!

Zg−2

��

C2

where the left arrow is an étale double cover by construction and the right arrow is an étale double
cover because Nmp1 has kernel of order 2. It follows that k must be an isomorphism. □

We will prove a similar statement about the image Ya in Corollary 2.3 below. Given a map of
curves F : Y → X, an effective divisor D on Y is F -simple if there is no point x ∈ X such that
F ∗(x) ≤ D. A divisor class [D] is F -simple if D′ is simple for all D′ ∈ |D|. We will repeatedly use
the following fact.

Lemma 2.2. [Deb88, Corollary 5.2.8] If D2 is p2-simple, then

h0(C̃, f∗1D1 + f∗2D2) ≤ 2h0(C1, D1) + g(C1)− 1− deg(D1).

We now prove that the variety Ya is irreducible, except in one case, and of the expected dimension,
except in one case.

Corollary 2.3. If 1 ≤ a ≤ g − 2 and Ya is nonempty, then it is irreducible of dimension g − 1− a.
When g(C1) = 1, Yg−1 consists of two points.

Proof. For a ≤ g − 2, Za is irreducible by Lemma 2.1, hence its image Ya is irreducible as well.
When a = 0, by [Deb88, Proposition 5.2.1], we have dim(Ya) = g − 2, hence the condition a ≥ 1 in
the statement above. For the remaining statements, it suffices to prove that the map from Za to
Ya is generically injective. If a ≥ 1, then for a general element ([D1], [D2]) ∈ Za, we have [D2] is
p2-simple and h0(C1, D1) = a. Hence, by Lemma 2.2, we have

h0(C̃, f∗1D1 + f∗2D2) ≤ 2h0(C1, D1)− a = h0(C1, D1).

In other words, every section of f∗1D1 + f∗2D2 is of the form f∗1 s1 + f∗2 s2 for s1 ∈ H0(C1, D1)
and s2 the unique element of H0(C2, D2). Thus, the divisor classes [D1], [D2] are determined by
[f∗1D1 + f∗2D2], hence the map is generically injective. □

2.2. Prym-Brill-Noether Theory of RB,g,0. In this section, we focus on the case where g(C1) =
1. Our goal is to prove Proposition 1.2, which identifies the Prym-Brill-Noether varieties V r(C, f)
with the varieties Yr+1. This was previously known in the case r = 2 [H1̈2, Corollary 5.7]. One
containment is straightforward.

Lemma 2.4. We have Yr+1 ⊆ V r(C, f).
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Proof. Let ([D1], [D2]) ∈ Zr+1. Since h0(C2, D2) ≥ 1 and pullback of sections is injective, we have
the following inclusions:

H0(C1, D1) ↪→ H0(C̃, f∗1D1) ↪→ H0(C̃, f∗1D1 + f∗2D2).

Hence,

h0(C1, D1) ≤ h0(C̃, f∗1D1 + f∗2D2).

Since deg(D1) = g(C1) + r, by Riemann-Roch we have h0(C1, D1) ≥ r + 1. It follows that

h0(C̃, f∗1D1 + f∗2D2) ≥ r + 1, hence f∗1 [D1] + f∗2 [D2] ∈ V r(C, f). □

For the reverse containment, we need a preliminary lemma.

Lemma 2.5. Let ([D1], [D2]) ∈ Za. If [D1] is not p1-simple, then f∗1 [D1] + f∗2 [D2] ∈ Ya ∩ Ya−2.
Similarly, if [D2] is not p2-simple, then f∗1 [D1] + f∗2 [D2] ∈ Ya ∩ Ya+2.

Proof. The divisor class f∗1 [D1] + f∗2 [D2] is in Ya by definition. We consider the case where [D1] is
not p1-simple. The case where [D2] is not p2-simple follows by a similar argument. If [D1] is not
p1-simple, then by definition, there exists a point x ∈ E such that D1 − p∗1(x) is equivalent to an
effective divisor A. It follows that

f∗1D1 + f∗2D2 ∼ (f∗1A+ f∗1 p
∗
1x) + f∗2D2 = f∗1A+ (f∗2 p

∗
2x+ f∗2D2).

The divisor class on the righthand side is in Ya−2, and the result follows. □

Corollary 2.6. If a ≥ 1, then Ya+2 ⊆ Ya. Moreover, if g(C1) = 1, for ([D1], [D2]) ∈ Za, one has
f∗1 [D1] + f∗2 [D2] ∈ Ya+2 if and only if [D2] is not p2-simple.

Proof. Let ([D1], [D2]) ∈ Za+2. Since deg(D1) = g(C1)+1+a ≥ g(C1)+2, by Riemann-Roch we have
h0(C1, D1) ≥ 3. It follows that, for any effective divisor D′ of degree 2 on C1, D1 −D′ is equivalent
to an effective divisor. In particular, for any point x ∈ E, D1 − p∗1(x) is equivalent to an effective
divisor. In other words, [D1] is not p1-simple, so by Lemma 2.5, we have f∗1 [D1] + f∗2 [D2] ∈ Ya.
Since ([D1], [D2]) ∈ Za+2 is arbitrary, we see that Ya+2 ⊆ Ya.

Now, let g(C1) = 1 and let ([D1], [D2]) ∈ Za. By Lemma 2.5, if [D2] is not p2-simple, then
f∗1 [D1] + f∗2 [D2] ∈ Ya+2. If [D2] is p2-simple, then by Lemma 2.2, we have

h0(C̃, f∗1D1 + f∗2D2) ≤ 2h0(C1, D1)− a = a.

By Lemma 2.4, however, if f∗1 [D1]+f
∗
2 [D2] ∈ Ya+2, then h

0(C̃, f∗1D1+f
∗
2D2) ≥ a+2, a contradiction.

□

We now prove Proposition 1.2.

Proof of Proposition 1.2. Let g(C1) = 1. By Lemma 2.4, we have Yr+1 ⊆ V r(C, f). We now prove
the reverse containment.

Let [D] ∈ V r(C, f). If r is odd, then by [Deb88, Proposition 5.2.1], we have [D] ∈ Y0. Similarly,
if r is even, then by [H1̈2, Corollary 5.7], we have [D] ∈ Y3. Let a be the maximum integer such that
[D] ∈ Ya. Then there exists ([D1], [D2]) ∈ Za such that D ∼ f∗1D1 + f∗2D2. If [D2] is not p2-simple,
then by Lemma 2.5, we have [D] = [f∗1D1 + f∗2D2] ∈ Ya+2, contradicting the maximality of a. It
follows that [D2] is p2-simple, hence by Lemma 2.2, we have

h0(C̃,D) = h0(C̃, f∗1D1 + f∗2D2) ≤ 2h0(C1, D1)− a.

By Riemann-Roch, the expression on the right is at most 2 if a = 0 and equal to a if a ≥ 1. Since
r ≥ 2 and [D] ∈ V r(C, f), it follows that a ≥ r+1. By Corollary 2.6, we then have [D] ∈ Yr+1. □

For our lifting theorem, we will need the following weak result about the intersection theory of Za.
We will make a more precise class computation in Corollary 4.6 below. Note that we do not claim
that the intersection is reduced. We thank Philip Engel for suggesting the degeneration argument
in the proof of Lemma 2.7.
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Lemma 2.7. Let g(C1) = 1. For r ≥ 2, there exists an integer mr ≥ 2 such that

[V r(C, f)] = mr ·
Θr+1

(r + 1)!
.

Moreover, the intersection of V r(C, f) with g − r − 2 general translates of V 1(C, f) consists of at
least

2 · (g − 1)!

(r + 1)!

distinct points.

Proof. By [Deb88, Theorem 4.1(i)], if X is a hyperelliptic curve of genus g − 1, then the Jacobian
Jac(X) is contained in the closure of RB,g,0 in the moduli space of abelian varieties. A general
hyperelliptic curve has the property that the cohomology class of every subvariety of its Jacobian

is an integral multiple of the minimal class Θk

k! . Thus, there exists an integer mr such that

[Yr+1] = mr ·
Θr+1

(r + 1)!
.

Similarly, there exists an integer nr such that the class of the reduced scheme Y red
r+1 is equal to

mr · Θr+1

(r+1)! . It suffices to show that mr and nr are both at least 2. By Corollary 2.3, Yg−1 consists of

two distinct points, so the statement hold when r+1 = g− 1. When r+1 ≤ g− 2, the assumption
that r ≥ 2 implies that g ≥ 5. It therefore suffices to show that, for g ≥ 5 and d in the range

1 ≤ d ≤ g − 2, the Prym variety Prym(C, f) of a general cover [f : C̃ → C] ∈ RB,g,0 does not

contain a closed subscheme X of dimension d with [X] = Θg−1−d

(g−1−d)! .

We prove this by induction on d. The base case, where d = 1, follows from the Matsusaka-Ran

criterion [Ran81, Theorem 3] because for a general cover [f : C̃ → C] ∈ RB,g,0, the Prym variety

Prym(C, f) is not a Jacobian. For the inductive step, let [f : D̃ → D] ∈ RB,g−1,0. Let E be a
curve of genus 1, let C0 be the 2-component curve obtained by identifying a point p ∈ D with a

point q ∈ E, and let C̃0 be the 3-component curve obtained by identifying each of the 2 preimage

points of p in D̃ with the point q in two separate copies of E. The admissible cover [g : C̃0 → C0]
is contained in the closure of RB,g,0 in the moduli space Rg. The Prym variety of this cover is
isomorphic to Prym(D, f) × Jac(E). Thus, if X is a closed subscheme of this Prym variety with

[X] = Θg−1−d

(g−1−d)! , then the intersection of X with Prym(D, f) × {0} has class Θg−1−d

(g−1−d)! as well. By

our induction hypothesis, if [f : D̃ → D] is sufficiently general, then Prym(D, f) does not contain
a closed subscheme with this class, hence Prym(C0, g) cannot contain such a closed subscheme
either. □

3. Prym Divisors on a Bielliptic Loop of Loops

3.1. Divisor Theory of Graphs. We briefly recall the divisor theory of metric graphs. The
tropical analogue of an algebraic curve is a metric graph. A divisor on a metric graph Γ is a finite
formal Z-linear combination of points on Γ. A divisor D =

∑
D(p) · p is effective, denoted D ≥ 0,

if D(p) ≥ 0 for all p ∈ Γ. We often refer to the integer D(p) as the number of chips of D at p.
The tropical analogue of a rational function on a metric graph Γ is a continuous, piecewise-linear

function φ : Γ → R with integer slopes. The order of vanishing of such a function φ at a point
p ∈ Γ, denoted ordp(φ), is the sum of the incoming slopes of φ at p. The principal divisor of φ is
the divisor

div(φ) :=
∑
p∈Γ

ordp(φ) · p.

Two divisors D,D′ on Γ are linearly equivalent, denoted D ∼ D′, if their difference is principal. We
write [D] for the linear equivalence class of a divisor D. The Picard group of Γ, denoted Pic(Γ),
is the group of linear equivalence classes of divisors. The Baker-Norine rank (or simply rank) of a
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divisor D is equal to −1 if D is not equivalent to an effective divisor, and otherwise equal to the
maximum integer r such that, for all effective divisors E of degree r, D − E is equivalent to an
effective divisor.

A free double cover of a metric graph Γ is a degree 2 covering space π : Γ̃ → Γ such that the

restriction of π to each edge in Γ̃ is an isometry onto its image. A divisor class [D] ∈ Pic(Γ̃) is a
Prym divisor class if it has canonical norm. The set of Prym divisor classes is denoted P (Γ, π). The
tropical Prym-Brill-Noether variety is defined to be:

V r(Γ, π) := {[D] ∈ P (Γ, π) | rk(D) ≥ r and rk(D) ≡ r (mod 2)}.

3.2. The loop of loops. Let Γ be a metric graph with vertices vi, wi for i ∈ Z/(g − 1)Z, with 1
edge connecting wi−1 to vi and 2 edges connecting vi to wi for all i. See Figure 1. The metric graph
Γ is called a loop of loops of genus g. The union of the two edges connecting vi to wi is called the
ith loop, and denoted γi. If the two edges comprising γi have the same length for all i, we say that
Γ is bielliptic or 2-uniform. When Γ is bielliptic, there exists a harmonic morphism ψ of degree 2
from Γ to a single loop Σ, as pictured in Figure 2.

v2

v1

w1

w6

Figure 1. A loop of loops of genus 7.

Figure 2. The harmonic morpshim ψ : Γ → Σ.

Let Γ̃ be a bielliptic loop of loops of genus 2g − 1 such that, for all i, the edge from wi−1 to vi
has the same length as the edge from wg+i−2 to vg+i−1, and the circumference of γi is the same as

that of γg−1+i. Then Γ̃ admits an antipodal involution ι, and the quotient Γ = Γ̃/⟨ι⟩ is a bielliptic

loop of loops of genus g. We write π : Γ̃ → Γ for the quotient map. Since Γ̃ is itself bielliptic, there
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exists a degree 2 harmonic morphism π1 : Γ̃ → Σ̃ to a single loop. The composition of the antipodal
involution ι with the involution ι1 exchanging the sheets of π1 is a third involution ι2, and the

quotient Γ̃/⟨ι2⟩ is isomorphic to Γ. Together, these maps fit into a commutative diagram:

(2) Γ̃

π1

��

π

��

π2

��

Σ̃

ψ1
��

Γ

ψ

��

Γ

ψ2
��

Σ

In [Jen26], the fourth author provides a complete description of Prym divisors on Γ̃. First, let T0

be the set of effective divisors of degree 2g − 2 on Γ̃ that have exactly 1 chip on each of the loops

γi. If a divisor class [D] ∈ Pic(Γ̃) has a representative in T0, then this representative is unique, and

we call it the orientable representative. Let P 0 ⊂ Pic(Γ̃) be the subset of divisor classes that have a
representative in T0 and such that the clockwise distance from vi to the chip on γi is equal to the

counterclockwise distance from wg+i−1 to the chip on γg+i−1. Fix a basepoint p0 ∈ Γ̃ on the edge
from w2g−2 to v1, and define P 1 = {[D − p0 + ι∗p0]} | [D] ∈ P 0}.

Proposition 3.1. [Jen26, Proposition 3.3] The set of Prym divisor classes on Γ̃ is the disjoint
union of P 0 and P 1.

The earlier paper [Jen26] also describes the Prym-Brill-Noether variety of the cover π : Γ̃ → Γ.
When Γ is bielliptic, the exposition can be simplified significantly. Given a positive integer r and
elements i ∈ Z/(2g − 2)Z, j ∈ Z/2Z, we define the point:

xri,j :=


wi if r is even and j ≡ r

2 (mod 2), or
r is odd, j ∈ {1, . . . , g − 1}, and j ≡ r+1

2 (mod 2), or
r is odd, j ∈ {g, . . . , 2g − 2}, and j ≡ r−1

2 (mod 2)
vi otherwise.

The Coxeter group I2(r + 1) is given in terms of generators and relations as

W = ⟨r0, r1 | r20 = r21 = (r0r1)
r+1 = ϵ⟩,

where ϵ denotes the identity in the group. The group W is isomorphic to the dihedral group of
order 2r + 2. In this Coxeter group, there are exactly 2 reduced words of maximal length r + 1.
Specifically, there is an alternating sequence of the two generators that begins with r0, and an
alternating sequence of the two generators that begins with r1. A lingering word of length n in this
Coxeter group is a function s : [n] → {r0, r1, ϵ}, typically written Q = s1s2 · · · sn. Given a lingering
word Q of length g − 1, we define

T (Q) := {[D] ∈ P r | if si = rj , then the chip of the orientable representative of D on γi is at x
r
i,j}.

By [Jen26, Lemma 4.7], the set T (Q) is a real torus of dimension #{i | si = ϵ}.

Theorem 3.2. [Jen26, Theorem 6.8] Let Γ be a bielliptic loop of loops and π : Γ̃ → Γ the quotient
by the antipodal involution. If r ≥ 2, then

V r(Γ, π) =
⋃
T (Q),

where the union is over all lingering words of length g−1 in the Coxeter group I2(r+1) that contain
one of the two reduced subwords of maximal length r + 1.

In the special case where r = 2, the statement holds for every loop of loops Γ, regardless of edge
lengths.
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In other words, the union is over all lingering words Q of length g−1 that contain a length-(r+1)
alternating subword of s0’s and s1’s. In [Jen26], the 4th author defines the lingering subword poset,
whose elements are precisely such words. Given a Coxeter group W , an element w0 ∈ W , and a
positive integer n, there is a lingering subword poset P (W,w0, n). For our purposes, the Coxeter
group will always be I2(r + 1) and the element w0 will be the maximal element with respect to
Bruhat order, so for ease of notation, we write P (r + 1, n) = P (I2(r + 1), w0, n). The elements of
P (r+1, n) are lingering words of length n that contain a length-(r+1) alternating subword of s0’s
and s1’s. Given two elements Q = s1 · · · sn, Q′ = s′1 · · · s′n ∈ P (r + 1, n), we say that Q ≤ Q′ if, for
all i, either s′i = si or s

′
i = ϵ. This poset encodes the containment relations among the tori T (Q).

Lemma 3.3. [Jen26, Lemma 4.8 and Proposition 4.20] For Q,Q′ ∈ P (r + 1, g − 1), we have
T (Q) ⊆ T (Q′) if and only if Q ≤ Q′. Moreover, the intersection T (Q) ∩ T (Q′) is nonempty if and
only if Q and Q′ have a common lower bound, in which case T (Q) ∩ T (Q′) = T (Q ∧Q′).

3.3. Zonotopes and Oriented Matroids. In this section, we show that the intersection lattice
of the tori in Theorem 3.2 is the face lattice of a certain polytope called a zonotope. Given vectors
x⃗1, . . . , x⃗n ∈ Rd, the corresponding zonotope is the Minkowski sum:

Z(x⃗1, . . . , x⃗n) := {a1x⃗1 + · · · anx⃗n | 0 ≤ ai ≤ 1 for all i}.

A set of vectors in Rd also defines an oriented matroid. A signed subset of a finite set E is a pair
C = (C+, C−) of disjoint subsets of E. An oriented matroid with ground set E is a collection of
signed subsets, called signed circuits, satisfying the following axioms:

(1) If C = (C+, C−) is a signed circuit, then C+ ∪ C− ̸= ∅.
(2) If C = (C+, C−) is a signed circuit, then so is −C = (C−, C+).
(3) No proper subset of a signed circuit is a signed circuit.
(4) If C0, C1 are signed circuits with C1 ̸= −C0 and e ∈ C+

0 ∩ C−
1 , then there exists a signed

circuit C with C+ ⊆ (C+
0 ∪ C+

1 )∖ {e} and C− ⊆ (C−
0 ∪ C−

1 )∖ {e}.

Let x⃗1, . . . , x⃗n ∈ Rd. One can define the corresponding oriented matroid as follows. Each minimal
linear dependence is of the form

∑
λix⃗ = 0 for some scalars λi ∈ R. Given such a linear dependence,

we let C+ = {i ∈ [n] | λi > 0} and C− = {i ∈ [n] | λi < 0}. The signed sets C = (C+, C−) are
the signed circuits of an oriented matroid. If one performs the same construction for all linear
dependences, rather than just the minimal ones, one obtains the signed vectors of an oriented
matroid. An oriented matroid is called realizable if it corresponds to a collection of vectors in Rd in
this way.

The key fact relating zonotopes and oriented matroids is the following.

Proposition 3.4. [BLVS+99, Proposition 2.2.2] Let x⃗1, . . . , x⃗n ∈ Rd and letM be the corresponding
oriented matroid. There is an order-reversing bijection between the face lattice of the zonotope
Z(x⃗1, . . . , x⃗n) and the lattice of covectors of M .

We are now ready to prove the main result of this section.

Theorem 3.5. The poset P (r + 1, n) is the face lattice of a zonotope.

Proof. Fix positive integers r and n with r+1 ≤ n. There exists an oriented matroid on E = [n] of
rank n− r, called the alternating matroid, with signed circuits defined as follows. For every subset
C ⊆ E of size |C| = r + 1, write C = {c1, c2, . . . , cr+1} with ci < ci+1 for all i. Then (C+, C−) is
a signed circuit of the alternating matroid, where C+ = {c1, c3, c5, . . .} and C− = {c2, c4, c6, . . .}.
The set of signed vectors of the alternating matroid are the signed sets V = (V +, V −) such that
there exists a signed circuit C = (C+, C−) with C+ ⊆ V + and C− ⊆ V −. Given two signed vectors
V1 = (V +

1 , V
−
1 ), V2 = (V +

2 , V
−
2 ), we have V1 ≤ V2 if and only if V +

1 ⊆ V +
2 and V −

1 ⊆ V −
2 ).



10 AUNG, BURKHOLDER, DALTON, JENSEN, LETAMENDI, NGUYEN, RADICKER, AND RIVERA LABOY

Given a signed vector V = (V +, V −) in the alternating matroid, we define a lingering word
Q = s1 · · · sn by

si =

 r0 if i ∈ V +

r1 if i ∈ V −

ϵ otherwise.

This defines an order-reversing bijection from the lattice of vectors of the alternating matroid to
P (r + 1, n).

By [BLVS+99, Corollary 8.2.10], the alternating matroid is realizable. An oriented matroid is
realizable if and only if its dual matroid is realizable. Thus, there exists a set of vectors x⃗1, . . . , x⃗n ∈
Rn−r whose lattice of covectors is anti-isomorphic to P (r + 1, n). The result then follows from
Proposition 3.4. □

Theorem 3.6. Let Γ be a bielliptic loop of loops and π : Γ̃ → Γ the quotient by the antipodal
involution. If r ≥ 2, then V r(Γ, π) is a union of tori, and the intersection lattice of these tori is the
face lattice of a zonotope.

In the special case where r = 2, the statement holds for every loop of loops Γ, regardless of edge
lengths.

Proof. Theorem 3.2 shows that V r(Γ, π) is a union of tori, and Lemma 3.3 shows that the intersection
lattice of these tori is P (r + 1, g − 1). The result then follows from Theorem 3.5. □

Example 3.7. A consequence of Theorem 3.5 is that the order complex of P (r + 1, g − 1) is
homeomorphic to a sphere of dimension g−r−2. Thus, when g−r−2 = 0, the tropical Prym-Brill-
Noether variety V r(Γ, π) consists of 2 points. When g − r − 2 = 1, the poset P (r + 1, g − 1) is the
face poset of a graph with 2g − 2 vertices and 2g − 2 edges, arranged in a cycle. Thus, in this case,
the Prym-Brill-Noether variety V r(Γ, π) is itself a loop of loops of genus 2g−1. One can check that

it is isomorphic to the metric graph obtained from Γ̃ by contracting the edge from wi−1 to vi for

all i. (The Prym-Brill-Noether variety of the cover π : Γ̃ → Γ is independent of the lengths of these

edges, so one cannot expect it to be isomorphic to Γ̃ itself.) By Lemma 2.1, this is analogous to
the classical case. Specifically, when g(C1) = 1 and g − r − 2 = 0, the classical Prym-Brill-Noether
variety V r(C, f) consists of 2 points, and when g − r − 2 = 1, the classical Prym-Brill-Noether

variety is isomorphic to C̃.

Example 3.8. We illustrate Theorem 3.6 in the first case where the Prym-Brill-Noether variety
is two-dimensional, when g = 6 and r = 2. In this case, V 2(Γ, π) is a union of tori T (Q), each of
dimension 2, 1, or 0. The poset P (3, 5) is the face lattice of the rhombic icosahedron, pictured in
Figure 3. In the figure, each of the 20 2-dimensional faces is labeled with a lingering word Q in
the symbols 0, 1, and ϵ, corresponding to the 2-dimensional torus T (Q). When the faces labeled
Q and Q′ meet along an edge, it means that the intersection T (Q) ∩ T (Q′) is a circle. Similarly,
the 22 vertices, which correspond to the 22 words of length 5 in the symbols 0 and 1 that contain
a length-3 alternating subword, also correspond to points where two or more of the 1-dimensional
tori intersect.

4. Proof of the Lifting Theorem

In this section, we prove Theorem 1.1. A definition of vertex avoiding divisor classes [D] ∈
V r(Γ, π) is provided in [Jen26, Definition 5.2]. When Γ is bielliptic, this definition can be simplified.

Definition 4.1. Let Γ be a bielliptic loop of loops, let π : Γ̃ → Γ the quotient by the antipodal
involution, and let Q = s1 · · · sg−1 ∈ P (r + 1, g − 1) be a word with #{j | sj = ϵ} = g − 2 − r.
A divisor [D] ∈ T (Q) is vertex avoiding if, for all i such that si = ϵ, the chip of the orientable
representative of [D] on the ith loop is neither vi nor wi.

We first require a tropical analogue of Lemma 2.7.
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Figure 3. A rhombic icosahedron with faces labeled by lingering words

Lemma 4.2. Let Γ be a bielliptic loop of loops and π : Γ̃ → Γ the quotient by the antipodal involution.
For r ≥ 2, there exist divisors D1, . . . , Dg−2−r ∈ P r(Γ, π)− P 1(Γ, π) such that

X =

g−2−r⋂
i=1

[V 1(Γ, π) +Di] ∩ V r(Γ, π)

is finite and

#X = 2 · (g − 1)!

(r + 1)!
.

Moreover, if [D] ∈ V r(Γ, π) is vertex avoiding, then the divisors Di can be chosen to so that [D] ∈ X.

Proof. By Theorem 3.2, V r(Γ, π) is a union of tori T (Q) corresponding to words in P (r+ 1, g− 1),
and by Lemma 3.3, the maximal tori with respect to containment correspond to words with #{j |
sj = ϵ} = g − 2 − r. Each such word is obtained by choosing a subset of [g − 1] of size g − 2 − r
to fill with ϵ’s, and filling the remaining entries with one of the two alternating substrings of length
r + 1. It follows that the number of maximal tori in this union is exactly 2 ·

(
g−1
g−2−r

)
.

Now, V 1(Γ, π) is a union of translates of the g− 1 codimension-1 coordinate tori. Each maximal
torus T (Q) therefore intersects g − 2 − r general translates of V 1(Γ, π) in (g − 2 − r)! points. It
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follows that the intersection of V r(Γ, π) with these translates has cardinality

2 ·
(

g − 1

g − 2− r

)
· (g − 2− r)! = 2 · (g − 1)!

(r + 1)!
.

These translates can be chosen to contain a particular point [D] ∈ V r(Γ, π) if [D] lies in exactly
one maximal torus T (Q), which holds if [D] is vertex avoiding. □

Next, we show that V r(Γ, π) is a local complete intersection of translates of V 1(Γ, π).

Proposition 4.3. Let Γ be a bielliptic loop of loops and π : Γ̃ → Γ the quotient by the antipodal
involution. Let r ≥ 2 and let [D] ∈ V r(Γ, π) be vertex avoiding. There exists an open neighborhood
U of [D] and effective divisors E1, . . . , Er+1 of degree r − 1 such that

V r(Γ, π) ∩ U =
( r+1⋂
i=1

V 1(Γ, π) + Ei − ι∗Ei

)
∩ U.

Proof. Let [D′] ∈ P r(Γ, π), and let D′ ∈ |D′| be its orientable representative. Let i ∈ [g − 1] and
let pi be a general point on the ith loop. The key to this argument is to compute the orientable
representative of [D′ − pi + ι∗pi]. There are 4 cases:

(1) If r is even, then the orientable representative of [D′ − pi + ι∗pi] has a chip on the same
point of the jth loop as D′ for all j > i, and a chip on the antipodal point of the jth loop
from D′ for all j < i.

(2) If r is odd, then the orientable representative of [D′−pi+ ι∗pi] has a chip on the same point
of the jth loop as D′ for all j < i, and a chip on the antipodal point of the jth loop from
D′ for all j > i.

(3) If r is even, then the orientable representative of [D′ + pi − ι∗pi] has a chip on the same
point of the jth loop as D′ for all j < i, and a chip on the antipodal point of the jth loop
from D′ for all j > i.

(4) If r is odd, then the orientable representative of [D′+pi− ι∗pi] has a chip on the same point
of the jth loop as D′ for all j > i, and a chip on the antipodal point of the jth loop from
D′ for all j < i.

Now, let Q = s1 · · · sg−1 ∈ P (r + 1, g − 1) and let A = {i ∈ [g − 1] | si ̸= ϵ}. Suppose that
#A = r+1 and [D] ∈ T (Q). For i ∈ A, let i′ be either the largest element of A that is smaller than
i, or the smallest element of A that is larger than i. (Since #A ≥ 2, there always exists an element
i′ ∈ A that is not equal to i.) Now, partition A∖ {i, i′} into sets Bi and B

′
i such that:

(1) if r is even and the orientable representative D of [D] has a chip at vi, or r is odd and
D has a chip at wi, then #{b ∈ Bi | b < i, i′} is equal to either #{b ∈ B′

i | b < i, i′} or
#{b ∈ B′

i | b < i, i′} + 1 and #{b ∈ Bi | b > i, i′} is equal to either #{b ∈ B′
i | b > i, i′} or

#{b ∈ B′
i | b > i, i′} − 1.

(2) if r is even andD has a chip at wi, or r is odd andD has a chip at vi, then #{b ∈ Bi | b < i, i′}
is equal to either #{b ∈ B′

i | b < i, i′} or #{b ∈ B′
i | b < i, i′} − 1 and #{b ∈ Bi | b > i, i′}

is equal to either #{b ∈ B′
i | b > i, i′} or #{b ∈ B′

i | b > i, i′}+ 1.

Let

Ei =
∑
j∈Bi

pj +
∑
j∈B′

i

ι∗pj .

Our goal is to show that

V r(Γ, π) ∩ U =
( r+1⋂
i=1

V 1(Γ, π) + Ei − Ei

)
∩ U.

By the definition of rank, the lefthand side is contained in the righthand side. It therefore suffices
to show the reverse containment.
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Let [D′] ∈ (V 1(Γ, π)+Ei−ι∗Ei)∩U , and letD′
i be the orientable representative of [D

′−Ei+ι∗Ei].
Since [D′] ∈ U and U is sufficiently small, it follows by induction, using (1)-(4) above, that D′

i has
a chip in a small neighborhood of vi, and this chip is at vi if and only if D′ has a chip on the same
point of the ith loop as D. Similarly, D′

i has a chip in a small neighborhood of wi′ , and a chip on
the jth loop at a point distinct from vj or wj for all j /∈ {i, i′}. By [Jen26, Lemma 3.5], since D′

i

has rank at least one, there exists j ∈ [g − 1] such that D′
i has a chip at vj . By the above, we see

that j must be equal to i, hence D′ has a chip on the same point of the ith loop as D.
Now, if [D′] ∈ ∩r+1

i=1 (V
1(Γ, π) +Ei− ι∗Ei)∩U , it follows that D′ has a chip on the same point of

the ith loop as D for all i such that si ̸= ϵ. In other words, [D′] ∈ T (Q), and the result follows. □

Before proceeding to the proof of Theorem 1.1, we demonstrate that it is not vacuous.

Lemma 4.4. Let Γ be a bielliptic loop of loops of genus g and π : Γ̃ → Γ the quotient by the antipodal

involution. Then there exists a bielliptic curve C of genus g and an étale double cover f : C̃ → C
specializing to π. Moreover, the diagram (2) lifts to the diagram (1). In particular, g(C1) = 1.

Proof. If the residue field has odd characteristic or characteristic zero, then by [ABBR15, Lemma 7.15],
there is a map of smooth curves p : C → E specializing to ψ, where C has genus g and E has genus

1. By [JL18, Lemma 5.9], there exists a unique étale double cover f : C̃ → C specializing to π.

We show that the cover p ◦ f : C̃ → E is Galois. Let τ : C → C be the involution that transposes
the sheets of the cover p : C → E, and let η ∈ Jac2(C) be the unique nontrivial 2-torsion divisor
in the kernel of f∗. By [Nar92, Corollary 4.3], the cover is Galois if and only if τ∗(η) = η. The
involution τ specializes to the involution of Γ that transposes the sheets of the cover ψ. Composing

this involution with the cover π : Γ̃ → Γ produces an isomorphic double cover. Since the double
cover lifts uniquely, it follows that τ∗(η) = η.

Since the cover p◦f : C̃ → E is Galois, by [Deb88] the Galois group must be the Klein-4 subgroup
of S4 that acts on the 4 sheets by products of 2 disjoint transpositions. Each of these involutions

specializes to an involution of Γ̃ that acts on the sheets in the same way. In other words, the

involutions ι, ι1, and ι2 are specializations of involutions on C̃. Thus, the diagram (2) lifts to the
diagram (1). □

We now prove the main theorem.

Proof of Theorem 1.1. The case where r = 1 is proven in [Jen26, Lemma 5.1], so we assume that r ≥
2. The tropicalization of the Prym-Brill-Noether variety V r(C, f) is a closed subset of V r(Γ, π), and
the set of vertex avoiding divisor classes is dense in V r(Γ, π), so it suffices to consider the case where
[D] is vertex avoiding. By Lemma 4.2, there exist divisors D1, . . . , Dg−2−r ∈ P r(Γ, π) − P 1(Γ, π)
such that

X =

g−2−r⋂
i=1

[V 1(Γ, π) +Di] ∩ V r(Γ, π)

is finite, contains [D], and

#X = 2 · (g − 1)!

(r + 1)!
.

Let Di ∈ P r(C, f)−P 1(C, f) be a divisor on C such that Trop(Di) = Di, and let X ⊆ Pic(C̃) be

X =

g−2−r⋂
i=1

[V 1(C, f) +Di] ∩ V r(C, f).

Since Trop(X ) ⊆ X, we see that X is finite, and g(C1) = 1 by Lemma 4.4. By Lemma 2.7, we have

#X ≥ 2 · (g − 1)!

(r + 1)!
.
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By Proposition 4.3, there exists an open neighborhood U of [D] and effective divisors E1, . . . , Er+1

of degree r − 1 such that

V r(Γ, π) ∩ U =
( r+1⋂
i=1

V 1(Γ, π) + Ei − ι∗Ei

)
∩ U.

Let Ei be an effective divisor on C such that Trop(Ei) = Ei. By [Jen26, Proposition 5.4], the
Prym-Brill-Noether variety V r(C, f) is contained in ∩r+1

i=1 (V
1(C, f) + Ei − ι∗Ei).

In the open set U , the hypersurfaces Trop(V 1(C, f)) + Di and Trop(V 1(C, f) + Ei − ι∗Ei are
translates of coordinate tori, and each has multiplicity one by [Jen26, Lemma 5.1]. By [Rab12],
it follows that there is at most one point tropicalizing to [D] in the intersection of these g − 1
hypersurfaces. In other words, the tropicalization map Trop: X → X is injective. But since
#X ≥ #X, it must in fact be bijective. □

We note a few consequences of Theorem 1.1.

Corollary 4.5. Let Γ be a bielliptic loop of loops of genus g and π : Γ̃ → Γ the quotient by the

antipodal involution. If f : C̃ → C is an étale double cover of smooth curves specializing to π with
C bielliptic, then V r(C, f) is reduced. In particular, if g − 1 = r + 1, then V r(C, f) is smooth.

Proof. The proof of Theorem 1.1 demonstrates that the intersection of V r(C, f) with r + 1 general
translates of V 1(C, f) consists of distinct reduced points. Thus, V r(C, f) is smooth at these points.
Since V r(C, f) is Cohen-Macualuay, it has no embedded points, hence it is reduced. □

Corollary 4.6. Let r ≥ 2. For a general étale double cover f : C → C̃ ∈ RB,g,0, one has the
following equality of cohomology classes:

[V r(C, f)] = 2 · Θr+1

(r + 1)!
.

Proof. By Lemma 2.7, there exists an integer mr ≥ 2 such that

[V r(C, f)] = mr ·
Θr+1

(r + 1)!
.

Moreover, there exist divisors D1, . . . , Dg−r−2 ∈ P r(C, f)− P 1(C, f) such that

X =

g−r−2⋂
i=1

[V 1(C, f) +Di] ∩ V r(C, f)

is finite. The proof of Theorem 1.1 demonstrates that X consists of exactly 2 · (g−1)!
(r+1)! points, and by

Corollary 4.6, this intersection is reduced. It follows that mr = 2. □
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