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Introduction

The moduli space of Deligne-Mumford stable n-pointed rational curves, My ,, is
a natural compactification of the moduli space of smooth pointed genus 0 curves
and has figured prominently in the literature. A central motivating question is to
describe other compactifications of My ,, that receive morphisms from l\_/IO, ». From
the perspective of Mori theory, this is tantamount to describing semi-ample divi-
Sors on l\_/[(,’n. This work is concerned with two recent constructions that each yield
an abundance of such semi-ample divisors on 1\7[0,,1 and with the relationship be-
tween them. The first construction comes from geometric invariant theory (GIT)
and the second from conformal field theory.

There are birational models of 1\_/[07,1 obtained via GIT that are moduli spaces of
pointed rational normal curves of fixed degree d, where the curves and the marked

points are weighted by nonnegative rational numbers (y, A) = (y, (ai,...,a,))
[Gi; ; ]. These Veronese quotients V}f 4 are remarkable in that they spe-
cialize to nearly every known compactification of Mg , [ ]. There are bira-

tional morphisms from M , to these GIT quotients, and their natural polarization
can be pulled back along this morphism to yield semi-ample divisors D,, 4 on 1\_/10,,[ .

A second recent development in the birational geometry of My, involves divi-
sors that arise from conformal field theory. These divisors are first Chern classes
of vector bundles of conformal blocks V(g,E,X) on the moduli stack /\71&,,.
Constructed using the representation theory of affine Lie algebras [Fa; 1,
these vector bundles depend on the choice of a simple Lie algebra g, a nonneg-
ative integer ¢, and an n-tuple A= (A1, ..., Ay) of dominant integral weights in
the Weyl alcove for g of level £. For the definition of vector bundles of conformal
blocks and related representation-theoretic notations, see Section 4.1. Vector bun-
dles of conformal blocks are globally generated when g = 0 [Fa, Lemma 2.5],
and their first Chern classes ¢1(V(g, £, X)) = D(g, ¥4, X), the conformal block di-
visors, are semi-ample.

For y = 0, it was shown in [Gi; ] that the divisors Dy 4 coincide with con-
formal block divisors for sl, and level 1. Our guiding philosophy is that there is a
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general correspondence between Veronese quotients and conformal block divisors.
After first giving background information about Veronese quotients in Section 1,
in support of this we:

2. derive intersection numbers for all D,, 4 with curves on 1\_/10’,, (Theorem 2.1);

3. give a new modular interpretation for a particular family of Veronese quotients
(Section 3);

4. show that the models described in Section 3 are given by conformal block
divisors (Theorem 4.6);

5. provide several conjectures (and supporting evidence) generalizing these results
(Section 5).

In order to further motivate and put this work in context, we next say a bit more
about items 2-5.

SECTION 2. THE CLASSES OF ALL VERONESE QUOTIENT D1visors D, 4. For
each allowable (y, A), there exists a morphism ¢,, 4: 1\7[07,1 — Vyf’ 4- In Section 2
we study the divisors Dy, 4 = ¢ (L, 4), where L, 4 is the canonical ample
polarization on Vy‘f 4- In Theorem 2.1 we give a formula for the intersection of
D,, 4 with F-curves (Definition 1.5), a collection of curves that span the vector
space of numerical equivalence classes of 1-cycles on My ,,. Theorem 2.1 is a vast
generalization of formulas that have appeared for d € {1,2} and for y = 0 (see
[AS; Gi; ; ]) and captures a great deal of information about the nef cone
Nef(l\_/lo’n). For example, since adjacent chambers in the GIT cone correspond
to adjacent faces of the nef cone, by combining Theorem 2.1 with the results of
[ ] we could describe many faces of Nef(l\_/lo’n). Moreover, Theorem 2.1 is
equivalent to giving the class of D, 4 in the Néron—Severi space. To illustrate
this claim, we give the classes of the conformal block divisors with S,-invariant
weights (Corollary 2.12) and the particularly simple formula for the divisors that

give rise to the maps to the Veronese quotients V/ifr](_f e+ (Example 2.13).
e\

SECTION 3. A NEW MODULAR INTERPRETATION FOR A PARTICULAR FAMILY
OF VERONESE QUOTIENTS. Much work has focused on alternative compactifi-
cations of My, [B; Fe; Gi; ; ; Ha; ; ; ; S1; Sm]. As
shown in [ ], every choice of allowable weight data for Veronese quotients
(Definition 1.1) yields such a compactification and nearly every previously known
compactification arises as such a Veronese quotient. In Section 3, we study the

particular Veronese quotients Vg l(_i)ZngZ for 1 < ¢ < g. In Theorem 3.5 we pro-
€417 \e+1

vide a new modular interpretation for these spaces and note that, prior to [ 1,

this moduli space had not appeared in the literature (see Remark 3.1). Our main

application is to show that the nontrivial conformal block divisors D(sl;, €, a)lzg +2)

are pullbacks of ample classes from Veronese quotients (Theorem 4.6). For this,

we prove several results concerning morphisms between these Veronese quotients

(see Corollary 3.7 and Proposition 3.8).

SECTION 4. A PARTICULAR FAMILY OF CONFORMAL BrLock Divisors. In [Gi;
] it was shown that the divisors Dy 4 coincide with conformal block divisors
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of 5[, and level 1, and in [ ] it is shown that the divisors D(sl,, £, w12g+2) and
D (L)t are proportional for the two special cases £ =1 and g. In [ ] the

£+1 \e+1
authors ask whether there is a more general correspondence between D(s(5, £, @)

and Veronese quotient divisors. Theorem 4.6 gives a complete, affirmative answer
to their question (cf. Remark 4.7). One of the main insights in this work is that,
while not proportional for the remaining levels £ € {2,...,g — 1}, the divisors

]D)(s[g,ﬂ,wfgﬂ) and De (! )2g+2 lie on the same face of the nef cone of 1\_/10,,1.

+1 \t+1

In other words, the two semi-ample divisors define maps to isomorphic birational
models of My ,. The corresponding birational models are precisely the spaces de-
scribed in Section 3.

SECTION 5. GENERALIZATIONS. Evidence suggests that s[, conformal block di-
visors with nonzero weights give rise to compactifications of My , and that these
compactifications coincide with Veronese quotients. This is certainly true for £ = 1
and for the family of higher-level sl, divisors considered in this paper as well as
for a large number of cases found using [S], software written for Macaulay 2 by
D. Swinarski. In Section 5.1 we provide evidence in support of these ideas in the
sl, cases. In Section 5.2 we describe consequences of and evidence for Conjec-
ture 5.6, which asserts that conformal block divisors (with strictly positive weights)
separate points on My ,,.

ACKNOWLEDGMENTS. We would like to thank Valery Alexeev, Maksym Fed-
orchuk, Noah Giansiracusa, Young-Hoon Kiem, Jason Starr, and Michael Thad-
deus for many helpful and inspiring discussions. We would also like to thank the
referee for many suggestions concerning an earlier draft of this paper.

1. Background on Veronese Quotients

We begin by reviewing general facts about Veronese quotients, including a descrip-
tion of them as moduli spaces of weighted pointed (generalized) Veronese curves
(Section 1.1) and the morphisms ¢, 4: Mg, — VV‘{A (Section 1.2), from [ 1.

I.1. The Spaces Vy‘fA

Following [ ], we write Chow(1, d, P¢) for the irreducible component of the
Chow variety parameterizing curves of degree d in P¢ and their limit cycles, and
we consider the incidence correspondence

Usn = {(X,p1..... pn) € Chow(l,d,P?) x (P")" : p; € X Vi}.

There is a natural action of SL(d 4 1) on Uy, ,,, and one can form the GIT quotients
Ug,n //L SL(d + 1), where L is an SL(d + 1)-linearized ample line bundle. The
Chow variety and each copy of P¢ have a tautological ample line bundle Ocpoyw (1)
and Opa(1), respectively. By taking external tensor products of them, for each
sequence of positive rational numbers (y, (ajy,...,a,)) we obtain a Q-linearized
ample line bundle L = O(y) ® O(a)) ® - -- @ O(ay).
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DEFINITION 1.1.  We say that a linearization L is allowable if it is an element of
the set A%, where

N ={(y.A) = (y.(a,....an) € Q"
y<LO0<ag <lLand(d—-Dy+)Y,a =d+1}.

Ifa; =--- =a, = a, then we write a” for A = (ay,...,a,).
Let
Vi g = Uqn /y,aSLA + 1).

We call GIT quotients of this form Veronese quotients because they are quotients
of a space parameterizing pointed Veronese curves.

Given (X, p1, ..., pn) € Uz, we may think of a choice L € A" as an assignment
of arational weight y to the curve X and another weight a; to each of the marked
points p;. The conditions y < 1 and 0 < a; < 1 for all i imply that the quo-
tient Uy, //y, 4 SL(d + 1) is a compactification of Mg, [ , Prop. 2.10]. As
reflected in Lemma 1.2 to follow, the quotients have a modular interpretation pa-
rameterizing pointed degenerations of Veronese curves.

By taking d = 1 and y = 0, one obtains the GIT quotients (P')" //, SL(2) with
various weight data A. This quotient, which appears in [ , Chap. 3] under
the heading “An Elementary Example”, has been studied by many authors. It was
generalized first to d = 2 by Simpson in [Si] and later by Giansiracusa and Simp-
son in [ ]; it was then generalized for arbitrary d and y = 0 by Giansiracusa
in [Gi]. More generally, the quotients for arbitrary d and y > 0 are defined and
studied by Giansiracusa, Jensen, and Moon in [ ].

The semistable points of Uy, with respect to the linearization (y, A) have the
following nice geometric properties.

LEMMA 1.2 [ , Cor. 2.4, Prop. 2.5, Cor. 2.6, Cor. 2.7]. For an allowable
choice (y, A) as in Definition 1.1, a semistable point (X, p1, ..., pn) of Uy, has
the following properties.

(1) X is an arithmetic genus 0 curve having at worst multinodal singularities.
(i) Given a subset J C {1,...,n}, the marked points {p; : j € J} can coincide
at a point of multiplicity m on X provided

(m—=1Dy+Y a =<1
jeJ
In particular, a collection of marked points can coincide at a smooth point of
X as long as their total weight is at most 1. Also, a semistable curve cannot
have a singularity of multiplicity m unless y < 1/(m —1).
(iii) X is nondegenerate; that is, it is not contained in a hyperplane.

1.2. The Morphisms ¢, 4: 1\_/10,” — Vy”fA

In| ] the authors prove the existence and several properties of birational mor-
phisms from My , to Veronese quotients.
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ProposITION 1.3 [ , Thm. 1.2, Prop. 4.7].  For an allowable choice (y, A),
there exists a regular birational map ¢, 4: Mg, — V)f 4 Dreserving the interior
My, .. Moreover, @, 4 factors through the contraction maps pu to Hassett’s mod-
uli spaces 1\7[0,A:

MO,n

l m
PA

— oy d
MO,A Vy,A :

By the definition of the projective GIT quotient, there is a natural choice of an
ample line bundle on each GIT quotient. By pulling it back to My ,, we obtain a
semi-ample divisor.

]?EFINITION 1.4. Let L = (y,A) be an allowable linearization on Uy ,, and let
L = L //p SL(d + 1) be the natural Q-ample line bundle on Vy‘f A- Then Dy, 4 is

defined as the semi-ample line bundle (p; A(l_,).

Next, following [Ha] and [ ], we describe the F-curves contracted by ¢, 4
and p,. Toward this end we first define F-curves, which together span the vector
space Ni(My ,) of numerical equivalence classes of 1-cycles on Mg ,,.

DEFINITION 1.5. Let Aj U A, U A3 U Ay = [n] = {1,...,n} be a partition into
nonempty subsets, and put n; = |A;|. There is an embedding

San 4, 45,44 Mo 4 — Mg,

given by attaching four legs L(A;) to (X, (p1,...,p4)) € 1\710,4 at the marked
points. More specifically, to each p; we attach a stable (n; + 1)-pointed fixed ra-
tional curve L(A;) = (Xi, (pi..... p,. pl)) by identifying p} and p;; if n; = 1
for some i, we just keep p; as is. The image is a curve in M, whose equivalence
class is the F-curve denoted F'(A;, A, Az, A4). Each member of the F-curve con-
sists of a (varying) spine and four (fixed) legs.

In many parts of this paper we will focus on symmetric divisors and F-curves,
in which case the equivalence class is determined by the number of marked points
on each leg. We shall write F;, », n;,n, for any F-curve class F(A, Ay, A3, Ay)
with |A,| =n;.

The F-curves F(Aj, Ay, A3, Ay) contracted by the Hassett morphism p4 are
precisely those for which one of the legs, say L(A;), has weight > jeA;
> jerm @ — 1. We can always order the cells of the partition so that Ay is the
heaviest—that is, ZjeA4 aj > ZjeA[ a; for all i. Because the morphism ¢,, 4
factors through p4, these curves are also contracted by ¢,, 4. This morphism may
contract additional F-curves as well, which we describe here.

As proved in [ ], the map ¢,, 4 contracts those curves F(Ay, Az, A3, Ay)
for which the sum of the degrees of the four legs is equal to d. We next define

a; =
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two functions ¢ and o that are useful for computing the degree of the legs of an
F-curve.

DEFINITION 1.6 [ , Sec. 3.1]. Consider the function ¢: 2" x A — Q
given by
o(J,y,A) = ay — 1 where a —Zw for J e 2
) )/, 1 — 7/ 5 J ' .

jeJ
For a fixed allowable linearization (y, A) = (y, (ay,...,a,)) (cf. Definition 1.1),

let .
[p(J,y, )1 if 1 <ay <ap—1,

o(J)=10 if a; <1,
d if ajy >ap,) —1.
Finally, for (X, p1,....,pn) € Ug, and E C X a subcurve, define o(E) =
o({jelnl|pjeE}.

ProposITION 1.7 [ ,Prop. 3.5].  Foran allowable choice of (y, A), suppose
that ¢ (J,y, A) ¢ Z for any nonempty J C [n]. If X is a GIT-semistable curve and
E C X is a tail (a subcurve such that E N X — E is one point), then deg(E) =
o(E).

COROLLARY 1.8 [ , Cor. 3.7].  Suppose that ¢(J,y, A) & Z for any  #*
J C [n],andlet E C X be a connected subcurve of (X, p1,...,Pn) € U;fn. Then

deg(E) =d — Za(y),
where the sum is over all connected components Y of X\E.

Given an F-curve F(A|, Ay, A3, A4) as described perviously, Proposition 1.7 states
that deg(L(A;)) = o(A;) if $(A;,y, A) is not an integer. It follows that the de-
gree of the spine is 0, and hence that the F-curve is contracted, if and only if

S oA =d.

REMARK 1.9. When U, has a strictly semistable point, it is possible that
¢ (A, v, A) €eZ. If p(A;, ¥, A) = k is an integer then deg(L (A;)) may be either k
or k + 1. In this case, both curves are identified in the GIT quotient and it suffices
to consider the case where the legs have the maximum possible total degree.

2. The Veronese Quotient Divisors D, 4

The Veronese quotient divisors D,, 4 are semi-ample divisors that give rise to mor-
phisms from 1\_/[07,1 to the Veronese quotients Vy‘{ 4- One of the main results of this
paper is to give the combinatorial tools necessary to study these divisors as ele-
ments of the cone of nef divisors on My ,.

In Theorem 2.1, we give a formula for the intersection of the D, 4 (as given in
Definition 1.4) with F-curves on 1\_/[07,1 (as described in Definition 1.5). As a first
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application of Theorem 2.1, in Section 2.5 we give a simple formula for the in-

tersection of the particular divisors Dﬁ;l (L)% with a basis of F-curves. As a
+10\ e+

second application of Theorem 2.1, in Corollary 2.12 we specify the class of D, 4
when A is S, -invariant. We have already described (at the end of Section 1) a
criterion for determining when these numbers are 0, but computing them in the
nonzero case is substantially more complicated.

We first state Theorem 2.1 and Corollary 2.2; the latter exhibits the intersection
numbers in a particular case. Before proving Theorem 2.1, in Section 2.1 we give
an overview of our approach.

NoTATION. Let[n] = AU Ay LA A4 be apartition and let F(Ay, Ay, Az, As)
be the corresponding F-curve (cf. Definition 1.5). Recall that 6 (A;) is the degree
of the leg L(A;) (Definition 1.6). In this section, we establish the following ex-
plicit formula for the intersection of D, 4 and F(Ay, A>, A3, A4).

THEOREM 2.1.  Suppose we have an allowable linearization (y, A) withd > 2
and also an F-curve F(A1, Ay, A3, Ay). Then

F(A1,A2,A3,A4) - Dy 4

3
- (E c}4>ﬂ + <wA4 = E(;(A4)>b
2d d

i=1

3
+ Z(%(a(A,-) +0(A9) — wa, — wA4>c,»4
i=1

3

4
I+y
- (Z;U(A,-)(d —0(A)) - ;“(A" UA)( —o(A; U A4)>),
where
ciji=d—0(A;) —o(A;) —o([n]\(A; U Aj))
=0(A;UA;) —o(A;) —o(A)),
4
b=d—) oA,
i=1
w = Z a;,
i=1
wAJ. = Zai.
i€A;
Note that the case d = 1 was studied previously in [AS, Sec. 2]. If there is an

A; such that ¢ (A;, y, A) is an integer, then the o -function does not give a unique
degree for each leg (Remark 1.9). Nonetheless, the result of Theorem 2.1 is inde-
pendent of the choice of semistable degree distribution.
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As an example for how simple this formula can be, consider the following.

COROLLARY 2.2. Forn=2g+2and1<{f<g,

)2g+2 2{ ﬁlrl ifi =t (mOdZ) and i ZZ,

Focicz,ii1- Dt (! 0 e
otherwise.

[ARRAVAN]

Before delving into the proof of Theorem 2.1 (in Section 2.4), we first explain our
approach (in Section 2.1) and develop a useful tool (in Section 2.2) that is a ratio-
nal lift to U, ,, of the image C in V)jf 4 of a given F-curve.

2.1. Approach to the Proof of Theorem 2.1

Let C be the image of F(Aj, Ay, A3, Ay) in V}ffA under the map ¢, 4. Let L =
O(y, A) be an allowable polarization on Uy ,, and let L=1L //y,aSL(d + 1) be
the associated ample line bundle on Vy‘f 4- By the projection formula, we have
F(A1, A, A3,Ay) - D, s =C L.
Therefore, proving Theorem 2.1 requires that we compute C - L. To do this, we
will lift C to an appropriate curve C on U, , and perform the intersection there.
DEFINITION 2.3, Let C be acurve in V¢, and let 7 : U5, — V¢, be the quo-
tient map. A rational lift of C to Uy , is a curve C in Uy, such that:

« a general point of C lies in US® ; and

e 7(C) = C and Tl C--»>Cis of degree 1.

A section of L can be pulled back to a section of L that vanishes on the unsta-
ble locus. It follows that if we have a rational lifting C then, by the projection

formula,
C-L:(’f-(L—Zz,-E,-)

for some rational numbers #; > 0; here the sum is taken over all irreducible un-
stable divisors. By the proof of [ , Prop. 4.6], there are two types of unstable
divisors. One is a divisor of curves with unstable degree distribution and the other
is Dgeg, the divisor of curves contained in a hyperplane. If C intersects Dyes only
among unstable divisors, then C - L=C-(L- tDgeg) for some t > 0.

2.2 An Explicit Rational Lift

In this section we will construct a rational lift C to Uy, of the image C in VV A
of an F-curve F(Aq, Ay, A3, Ay) in Mo . This lift C will be used to prove Theo-
rem 2.1 in Section 2.4.

An F-curve is isomorphic to Mg 4 = P'. Thus the total space of an F-curve is a
family of curves over P!, which is a reducible surface forn > 5 that consists of five
components. One component corresponds to a varying spine, which is isomorphic
to the universal curve over Mo 4 and hence to Mo 5; the other four components are
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constant families over P!, which correspond to four fixed legs. We will think of
the total space X = M 5 of spines as the blowup of three points on the diagonal
in P! x P!, The points of attachment to the legs L(A;) that are labeled by A;, A,,
and A3 will correspond to the three sections of X through the exceptional divisors,
while the point of attachment to the leg L(A4) will correspond to the diagonal.
We denote the classes of the total transforms of two rulings on P! x P! by F (for
fiber) and S (for section), and we denote the exceptional divisors by E;. Then, on
X = My s, the ten boundary classes are given by

Dis =S8 —Ej, Dys =8 — Ej, D3s =8 — Ej,
Dys=F+S—E—Ey—E3, Duy=F —E|, Dyy=F — E», (1)
D3y = F — E3, D3 = Ey, Di3 = E», Dpp = E3.

Here is an outline of the construction of an explicit rational lift of a curve on
Vyff - For a curve isomorphic to P! on V]f 4» we need to construct a family of ratio-
nal curves in P9 of degree d over P! and with n sections. To begin, we construct
a map from X to P? by constructing a base point free sublinear system V of a
certain divisor class on X. We then attach four fixed legs to make a family of
degree d rational curves. To make a family of curves whose general member is
in Uy, the general member must satisfy certain degree conditions on each irre-
ducible component and must also be nondegenerate. Let o(A;) be the degree of
the leg containing marked points in A;. (If U5, = U, , then the degree of the leg
is uniquely determined by the o -function in [ ], but if there are strictly semi-
stable points then the degree is not determined uniquely; in the latter case, we can
take any degree distribution that gives semistable points—see Remark 1.9.) Then
the general fiber must have degree

4
bi=d—) o(A).
i=1

As the cross ratio of the four points on the spine varies, there are three points at
which the spine breaks into two components. The degree of one of these compo-
nents where A; and A; come together is exactly

cij i=d —0(A;) —0o(Aj) —o([n]\(A; UAj)) = a(A; UAj) —o(A) —o(4)).

Hence we consider the following divisor class on X (which depends on an integer
a > 0):
3
H(a) = aF +bS =) _ ciE;.
i=1

When a > 0, this divisor class is base point free (Lemma 2.4) and so defines a
map to P9, Moreover, for a > 0 we can take a subspace V C HO%X, H(a)) of di-
mension b + 2 such that its restriction V| ¢ to every fiber defines a rational normal
curve of degree b; thus the image of X is nondegenerate (Lemma 2.6). In Propo-
sition 2.7, we establish that the general point of the family obtained via attaching
four fixed tails is semistable by showing that it satisfies certain degree conditions.
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LEmMA 2.4. Fora > 0, H(a) is base point free.

Proof. Since X is a del Pezzo surface, it is well known that if H(a) is nef then
H(a) is base point free. On X = M s, the cone of curves is generated by the
classes D;;. Thus, by using the explicit descriptions of the divisors D;; givenin (1),
it is straightforward to check that H(a) is nef if and only if

3
a>cy, b>ciy, and a+b> Zc,-4.
i=1
The second inequality is immediate because b = ¢+ ¢34 = c13+ €24 = C14+C23.
So if a is sufficiently large, then H(a) is nef and base point free. O

LEMMA 2.5. Fora > 0, the map H(X, H(a)) — H(F, H(a)|F) is surjective.

Proof. By the exact sequence
0— H%X,H(a) — F)
— H(X,H(a)) > H(F,H(a)|r) - H'(X,H(a) — F),

it suffices to show that 1! (X, H(a) — F) = 0. Since X is a del Pezzo surface, —Kx
is ample. Thus H(a) — Ky is ample for a > 0 by Lemma 2.4 and h’(X, H(a)) =
h'(X,H(a) — Kx + Kx) =0 fori > 0 by the Kodaira vanishing theorem. Since
H(a)— F = H(a— 1) by definition, 4" (X, H(a) — F) = 0 for large a as well. [

By a Riemann—Roch calculation, if @ >> 0 then
3
0 _ cis+1
h’(X, H(a)) = 3ab — 2( 5 ) +1.

So for sufficiently large a, h(X, H(a)) is greater than d + 1; hence we cannot
use the complete linear system | H(a)| to construct a map to P¢. To deal with this
problem, we use the following lemma.

LEMMA 2.6. Let V C HYX, H(a)) be a general linear subspace of dimension
hW(F, H@)|p)+1=b+2. Fora>> 0, themap V — H(F, H(a)|r) is surjec-
tive for every fiber F.

Proof. For a given fiber F, write K for the kernel of the map H°(X, H(a)) —
HO(F, H(a)|r). From Lemma 2.5 it follows that K is a linear space of dimen-
sion h°(X, H(a) — F). We will show that dim V N Ky = 1 for every fiber F. In
particular, denote the fiber over a point y € Mg 4 = P! by F,, and consider the
variety

Z ={(»V)eP x Gr(b+2,H(X,H(a))) | dimV N K, > 2}.

The fibers of Z over P! are Schubert varieties, which are known to be irre-
ducible of codimension 2 in the Grassmannian. It follows that dimZ <
dim Gr(b+2, H(X, H(a)) and so Z does not map onto the Grassmannian. Con-
sequently, for the general V € Gr(b + 2, H(X, H(a))), dimV N Kr, < 2 for
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every y € P!: however, dimV N K F > 1 trivially for dimension reasons. It fol-
lows that the map V — HYF, H(a)|F) is surjective for every fiber F. O

By Lemma 2.6, if we consider the map X — P**! corresponding to the linear
series V then it is clear that each individual fiber is mapped to P*+! via a complete
linear series. Hence the general fiber maps to a smooth rational normal curve of
degree b, and the three special fibers map to nodal curves whose two components
have the appropriate degrees. Then, provided b < d, one can embed this P?*! in
P< and obtain a family of curves in that projective space.

Now consider the case b = d. Since X is a surface and d > 2, we can take a
point p € P?+!\ X. Considering a projection from p, we obtain a family of curves
in P with the same degree distribution. We must choose the point p so that a gen-
eral member of such a family of curves is semistable. Because that member has
the correct degree distribution, it suffices to check that a general member of the
family is not contained in a hyperplane. Yet the image of a curve under projection
is degenerate only if the original curve is degenerate.

To each of the four sections we attach a family of curves that does not vary
in moduli. Using the same trick as before, we may take four copies of P! x P!,
mapped into P¢ via a linear series V; C |O(x;, y;)|, where

{H(a)'(S—Ei)=a—ci4, i #4,

Nl H@ (F+S—-Y_ E)=a+b-Y_cu i=4,

and where y; = o(A;) is the degree of the leg. Note that if b = d then 0(A;) =
0; in that case, we need not worry about the construction of extra components.

PrROPOSITION 2.7. The family that we have constructed is a rational lift of
0y, A(F (A, Az, A3, Ay)). Furthermore, it does not intersect any GIT-unstable di-
visor other than Dygeg.

Proof. We claim that all of the members of this family satisfy the degree conditions
required by semistability. Indeed, the general member is a nodal curve with four
components labeled by the A;. The degree of the leg labeled by A; is O(x;, y;) -
O(1,0) = 0(A;), and the degree of the spine is H(a)- F =b =d — Z?:] o(A)).
As one varies the cross ratio of the four points on the spine, there are three points
where the spine breaks into two components. The degree of these components are,
for instance, H(a) - E; = ¢y = d — 0(A4) —0(A)) — o([n]\(A4 U A})) and
H(a) - (F — E)) =b—ciy=d—0(A2) —0(A3) —o([n]\(A2 U A3)). U

2.3. Divisor Classes on Uy ,,

The main result of this section is Lemma 2.9, which gives a numerical relation
between several divisor classes on Uy ,.

DEFINITION 2.8. Let H be the divisor class on Uy , parameterizing curves that
meet a fixed codimension 2 linear subspace in P?. Let D; be the divisor class on
Uy, that is the closure of the locus parameterizing curves with two irreducible
components with respective degrees k and d — k. Finally, let Dy, be the divisor
of curves contained in a hyperplane.
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LEMMA 2.9. The following numerical relation holds in Nl(Ud,,,):
1 ld/2]
Dieg = ﬁ<(d +H — ; k(d — k)Dk>.

To prove this result, we will use a result of [ ] about the moduli space of sta-
ble maps. A map f: (C, p1,..., p») — P’ from an arithmetic genus 0 curve C
with n marked points to P” is called stable if

* C has at worst nodal singularities,
* p; are distinct smooth points on C, and
* wc+ Y pi+ f*OQ3) is ample.
We say that f has degree d if f*O(1) has degree d on C. A moduli space of sta-
ble maps 1\_/[07,1(]?’, d) is the moduli space of degree d stable maps from genus 0
n-pointed curves to P". For more information about moduli space of stable maps,
see [FP].

Here is a list of properties of 1\_/[0,,1(111"1, d) that we will use in the paper.

(i) There is a forgetful map f: Mg ,(P%d) — Mg (P9 d) that forgets the n
marked points and stabilizes the map.

(ii) There are several functorial morphisms. A cycle morphism M (P4, d) —
Chow(1,d,P?) maps a stable map to its image of the fundamental cycle of
the domain. There are n evaluation maps 1\_/10,,,(1?‘1, d) — P that send a sta-
ble map to the image of ith marked points on P¢. Taking the product of these
maps yields a cycle map

g: Mg (P4, d) — Chow(l,d,P9) x (P%)"

that clearly factors through Uy ,.
(iii) We can define divisor classes H, Dy, and Dge, On 1\_/[07n(IP’d,d ) using the
descriptions given in Definition 2.8.

Proof of Lemma 2.9. By [ , Lemma 2.1], on the moduli space of stable maps
My, o(P¢,d) we have

1 ld/2]
Dgeg = ﬁ((d +DH — Z k(d — k)Dk).
k=1

If we pull back Dyeg by the forgetful map f: Mo (P4 d) — Mg o(P¢d) then
we obtain the same formula for Dy, on 1\_/10,,1(]P’d,d ). Now, for the cycle map
g: Mo (P, d) — Uy, we have g,(H) = H = Ocnow(1), g+(Di) = Dy, and
8+(Dgeg) = Dyeg. As atesult, the same formula holds for Uy, . O

2.4. Proof of Theorem 2.1

In this section we prove Theorem 2.1, which relies on the curve constructed in
Section 2.2.
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Proof. As explained in Section 2.1, to prove Theorem 2.1 we shall compute the in-
tersection of C, the image of F(Aj, Ay, A3, Ay) in Vy“j 4» with the natural ample line
bundle L. For this it suffices to find a rational lift C of this curve to Uy, ,, such that
a general element of C is semistable and then to compute the intersection in Uy .
By Proposition 2.7, the family constructed in Section 2.2 has this property; we
can therefore use it to carry out these computations. To compute the intersection
of C with Ochow(1), fix a general codimension 2 linear space in P4, The inter-
section number is precisely the number of curves in the family that intersect this
linear space. In other words, it is the total degree of our five surfaces. Hence

C - Ochow(1)

4
= H(@)’+)_ O(x;, )

i=1

3 3 3
=2ab — Z 2+ Z 2a — cig)o(A;) + 2(a +b— ch4>a(A4)

i=1 i=1 j=1

3 3
=2ad +20(Ay)b — Zc34 - Z 2(0(A;) + 0(As))cia.
i=1 i=1
Similarly, to compute the intersection of C with Opa(1), fix a general hyper-

plane in P¢. The intersection number is precisely the number of points at which
the jth section meets this hyperplane; in other words, it is the degree of the jth
section. If A; is the part of the partition containing j, then

C-0,4(1) = Oxi, yi) - 00, 1) {a_c”’ FE4
: d = Xis Vi) * 5 =X =
P; Y a+b_22:1 Cka, 1=4.
One can then easily compute the intersection with L = ®j'-’:l Opa(a;) ®
J

n

Ochow(y) by linearity. If we let wy, = ZieA, a;and w =)_7_, a;, then

3 3
C- L=y (Zad +20(ADb = cfy— Y 2o(A; + A4))cl~4>

i=1 i=l1

3 3
+ Zwm(ﬂl —cig) + wA4<a +b— ZCM)
im1 i=1

3
= Qdy + w)a— Y _chy + Qo(A)y + wa)b

i=1

3
— > (27(0(A) + 0 (AD) + wa, + wa,)cia.
i=l

Recall that C - L = C - (L — tDyeg) for some positive rational number # (Sec-
tion 2.1). It remains to determine the value of 7. By Lemma 2.9,
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C - Dyeg

<2 d+20(A4)b — Z 2 Z 2(0(A;) + J(A4))cl4>
i=1 i=1
3

4

1

+ 57 (;G(Ao(d —o(A}) — ;(a(m U A —o(A; U A4))).
Note that the rational lift depends on the choice of a. To obtain an intersection

number C - L = C - (L — tDye,) that is independent of our choice of a, the coef-

ficient of @ must be 0. Thus

t(d +1

2d =0
2d

2dy +w —

2dy+w
1+d

and t = =1+ y. Therefore,

+ Z(%(om» +0(Ag) — wa, — wA4>ci4

1+
——(ZG(A )(d — o (A; ))—ZO‘(A U As)(d — o(A; UA4))> O

i=l

2.5. Example and Application of Theorem 2.1

Because the F-curves span the vector space of 1-cycles, Theorem 2.1 gives (in
principal) the class of D,, 4 in the Nerén—Severi space. Using a particular basis
(described in Definition 2.10), we explicitly write down the class of D, 4 for S,-
invariant weights A. The classes depend on the intersection numbers, which—as

shown in Example 2.13 to follow—are especially simple for D% ()72
+10\T+

DEFINITION 2.10 [ ,Sec. 2.2.2, Prop.41]. Forl <j <g:=|n/2-1],
let F; be the S,-invariant F-curve Fy j,—;—2. The set {F; : 1 < j < g} forms a
basis for the group of 1-cycles Nl(l\_/[()’n)s".

DEeFINITION 2.11 | ,Sec.3]. For2 < j < |n/2],letB; be the S,,-invariant
divisor given by the sum of boundary divisors indexed by sets of size j:

B = Z 8.
Jcnl,|J|=j

The set {B; : 2 < j < g + 1} forms a basis for the group of cycles N'(M ,)5" of
codimension 1.



Veronese Quotient Models of 1\_/10,,, and Conformal Blocks 735

COROLLARY 2.12. Fixn = 2g+2(orn =2g+3)and j € {1,...,g}, and
write a(y, A)j = D, a - Fj. If Ais an S,-invariant choice of weights then D,, 4 =
S b(y, A)r Bry1, where

r—1 8
(r+1) ; (r+1)
b(y, A), = ;(rn’_ = — (- n)a(y, )+ j;a(y, A);
forn =2g 4+ 3 odd and

r—1 1
by, A), = Z(r(nrfl) - j))a(y,A)j

j=1
r(r +1) 5 ( +1)
Z 1) (7/, A)g
forn =2g + 2 even.
Proof. This claim follows from the formula given in [ , Thm. 5.1]. O

ExXAMPLE 2.13.

D1 ( 1 )2g+2

1\

£+1°
g
r(r+1 —L+1 r—£+1 r—£+1
§ ( ) o - Br+l7
E—i—l n—1 2 2 N 2 4

r=1

where
[xT+ = max{[x],0}, Lx]+ = max{[x],0}.

Proof. Indeed, by the previous results we have

r—1 1
b(y,A), = Z(r(nrjl ) (r— j))a(y,A)j

j=1

r(r+1) & r(r+1)
i— ;a(y,A)j 2= A

1 8 r—1
= r(,:j_l ) Za(y, A)J E + ia(y’A)g Z(V —_ ])a(y, A)J
j=l

j=l

By Corollary 2.2,

g A (55 +1) if g =0 (mod 2),
Za()/, A)j = 1 (g—t+1 .
= £+1( > ) if g # £ (mod 2).

Also, a(y,A), = ﬁrl if g =€ (mod2) and a(y, A);, = 0if g # £ (mod 2), so we
can write

r—1

1 rr+1)g—C+1

b A = T T —]Z]jv—j)a(y,A),».
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A similar case-by-case computation yields
L (=512 if r £ £ (mod 2) and £ < r — 1,
D (= jaly, A) = C=HO=ED iy — g (mod 2) and £ < r — 1,
j=1 0 if >r—1

r—£+1 r—£+1 . 0
2 + 2 +

3. A New Modular Interpretation for a Particular Family
of Veronese Quotients

In this section, we study the family Vf’jl(ff e of birational models for 1\_/10,,[,
o e

where n = 2(g + 1) and 1 < ¢ < g. In Theorem 3.5 we give a new modular in-
terpretation of them as certain contractions of Hassett spaces,

_ ot
T M, (1 n— V2
600, () g

1-¢
(L)2g+2 5
41

where even chains (described in Definition 3.4) are replaced by particular curves.
In order to establish the existence of morphisms t, we first prove Proposition 3.2,
which identifies the Veronese quotient associated to a nearby linearization with
the Hassett space 1\_/107( )" The results in this section allow us to prove in Sec-

1
A
tion 4 that nontrivial conformal block divisors D(sl,, £, w12g+2) are pullbacks of

I—¢
ample classes from V5

2g+2.
& ()™

REMARK 3.1.  Because their defining linearizations ({1, (5 )2g+2) lie on GIT

e+ \+1
walls, the Veronese quotients Vf:”l(_f e+ admit strictly semistable points and
m’

=]
so their corresponding moduli functors are not actually separated. The quotient

described in Theorem 3.5 is not isomorphic to a modular compactification in
the sense of [Sm] (cf. Remark 3.6). Indeed, the only known method for con-
structing this compactification is via GIT. This fact highlights the strength of the
Veronese quotient construction, since it can be used (as we show here) to construct
“new” compactifications of M ,—in other words, compactifications that have not
been described and cannot be described through any of the previously developed
techniques.

3.1. Defining the Maps 1,

In this section we define the morphism

1-¢
( 1 )2g+2

— ot
M, w2 — V2,
O,( 8) st

e [Z=E

obtained by variation of GIT. As mentioned previously, each of the linearizations
_ 2642y ;. . .

(ﬁTi’ (ﬁl) &t ) lies on a wall. To show that t, exists, we will use the general

“variation of GIT” fact that any quotient corresponding to a GIT chamber admits
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a morphism to a quotient corresponding to a wall of that chamber. Namely, in
Proposition 3.2 we shall identify the Veronese quotient corresponding to a GIT
chamber bordering the GIT wall that contains the linearization (ﬁ—jr}, (%H)zgﬂ)

We then use this identification to describe the morphism to the Veronese quotient

VETI(_.Z e We remark that the Veronese quotient discussed in Proposition 3.2
o\

is not, in general, a modular compactification of M ,, but is (unlike the quotients
described in Theorem 3.5) isomorphic to one.

ProposITION 3.2. For2 < { < g — 1 and ¢ > O sufficiently small, the Hassett

space M0 (= )2 is isomorphic to the normalization of the Veronese quotient
T+ "
+1-¢
‘/g(gl 1 2g+2.
mite (7o)

Here €' is a positive number that is uniquely determined by the data d =

g+1—tand A = (7 — &) (cf. Definition 1.1).

Proof. By Proposition 1.3, there is a morphism

CNA 2etd g+1-¢
Py Mo (e = Vi,

2g+2
G )

that fits into the following commutative diagram:

MO,n
(] (L_ 28+2
2% 7 (-9)
p(ﬁ’g) s+2l
= oy g+1-¢
M, (1 w2 Ty V2 2642 -
0. (i) S (g9 "

So to prove the result, it suffices to show that ¢, is bijective. Since (g —£)y +
28 +2)(75 — €) = g +2 — £, it follows that

2 2 1
+ —(g+ )8.

B
Y (+1 T a2

If¢>3,theny > % and a curve in the semistable locus ;117 02042 does not
have multinodal singularities by Lemma 1.2. Similarly, the sum of the weights at
2 2(g+1) 1
f:lnode cannot exceed 1 —.y =i g7 &< 2(13—+1 — e). At a node, then, there
is at most one marked point.
If¢ =2theny > 1 soacurvein Ugt1-¢,2¢.+2 has at worst a multinodal point of

multiplicity 3. Notethat1—(3—1)y = %— 4?:’21)8 < %—8; hence, by Lemma 1.2,

there can be no marked point at a triple point. Similarly, since 1 — (2 — 1)y =
% — z(ggf;) 2(% — 8), there can be at most one marked point at a node.

In short: There is no positive-dimensional moduli of curves contracted to the
same curve; that is, ¢, is an injective map. The surjectivity follows directly from

the properness of both sides. UJ
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REMARK 3.3. 1.In[ , Thm. 7.1, Cor. 7.2] the authors show that, for certain
values of y and A, the corresponding Veronese quotient is Mg, 4. Proposition 3.2
indicates precise values of y and A when the latter is symmetric.

2. The normalization map of a Veronese quotient is always bijective [ ,
Rem. 6.2]. So at least on the level of topological spaces, the normalization is
equal to the Veronese quotient itself.

3.1f g = £mod?2, then there are strictly semistable points on Ugyi_g, 242 for
the linearization (f,—;} + &/, (%_H — 8)2“2). Indeed, for a set J of g 4+ 1 marked
points, the weight function

g+ D(z7—¢) —1

¢y, A) = PR
(AN gt
_ -0 -O-(-O+hH+De g—-¢
26 -0 —2(g+ D+ De 2

is an integer. Therefore, the quotient stack [UpY,_; 5,4,/SL(g + 2 — £)] is not
modular in the sense of [Sm].
4. Even if the GIT quotient is modular, the moduli-theoretic meaning of

1\_/10 (o —e)+? and

TN+

+1-¢
Vé.,.gg(%“_g)z"“
may be different in general because multinodal singularities and a marked point
on a node are both allowed on the GIT quotient. Even so, the moduli spaces are
isomorphic.

5. The condition on £ is necessary. Indeed, if £ = 1 or g then the GIT quotient
is not isomorphic to a Hassett space.

3.2. The New Modular Interpretation

In this section we will prove Theorem 3.5. This theorem describes the Veronese
quotients Vﬁ?”_f 2 as images of contractions where the even chains in the

m*(ul

Hassett spaces 1\_/10 ( » are replaced by other curves that we describe next.

w9

DEFINITION 3.4. A curve (C,Xi,...,X2442) € 1\7[0 (Lo is an odd chain
P\ e+1
(resp., even chain) if C contains a connected chain C; U - - - U Cy of rational curves

such that the following statements hold.

(1) Each C; contains exactly two marked points.
(ii) Each interior component C; for 2 < i < k — 1 contains exactly two nodes:
C,’ N C,',l and C,' N C[Jrl.
(iii) Aside from the two marked points, each of the two end components C; and
C contains two “special” points, where a special point is either a node or a
point at which £ + 1 marked points coincide. In the first case, we refer to the

connected components of C \ Uf;l C; as “tails”; we regard the second type
of special point as a tail of degree 0.
(iv) The number of marked points on each of the tails is odd (resp., even).
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Figure 1 shows two examples of odd chains when £ is even.

C: Oy Csy (4 t+1pts G G Gz Cy

Figure 1 Examples of odd chains

THEOREM 3.5. If 3 <€ < g — 1 and ¢ is even (resp., odd), then the map t, re-
stricts to an isomorphism away from the locus of odd chains (resp., even chains).
If (C,x1,...,X2442) is an odd chain (resp., even chain), then to(C,x1,...,X2442)
is strictly semistable and its orbit closure contains a curve in which the chain
C1U- - -UCy has been replaced by a chain DU - - -U Dy with two marked points
at each node D; N D,y (see Figure 2).

Figure 2 The contraction

Proof. Note that both the Hassett space and the GIT quotient are stratified by the
topological types of parameterized curves. Furthermore, t, is compatible with
these stratifications. Hence 1, contracts a curve B if and only if

¢ B isin the closure of a stratum,

* ageneral point (C, x1, ..., X2442) of B hasirreducible components Cy, C», ..., Cy
with positive-dimensional moduli,
* C; is contracted by the map from C to 7,(C, X1, ..., X2¢+2), and

* the configurations of points on the irreducible components other than the C; are
fixed.

A component C; C C € 1\_/[O (L =g+ has positive-dimensional moduli if it
AT

has four or more distinct special points. If a tail with k points is contracted,
tEen k(i) < 1. But then k(i — 8) < 1, so such a tail is impossible on

e+l AT o atan
0, (7 —e)% 7 Thus no tail is contracted. Now y = 77 > ;. By Lemma 1.2,

acurve (D, y1,...,Y2g42) € U;ilfl,2g+2 has at worst triple nodes if £ = 3 and

nodes if £ > 4. Moreover, the sum of the weights on triple nodes cannot exceed
12— 2y = fo < 0, so there are no marked points at a triple node. Since 1 — y =

747> there are at most two marked points at a node. Therefore, the only possible
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contracted component is an interior component C; with two points of attachment
and two marked points.

Now let C; be such a component. Connected to C; are two tails 77 and 7>
(not necessarily irreducible) with i and 2g — i marked points, respectively. (Here
we will regard a point with ¢ + 1 marked points or, equivalently, of total weight
1 — (£ + 1)e as a tail of degree 0.) On the one hand, if i = £ mod 2 then ¢ (T}) =
# and ¢ (1) = w (see Definition 1.6), so neither is an integer. Hence
the degree of the component C; is

d_(o(T1)+o(Tz))=g+1—f—qi_i_lw+[2g_iz_z_l—‘>:1’

from which it follows that C; is not contracted by the map to 7,(C, x1, ..., X2g42)-
On the other hand, if i = ¢ + Imod?2, then both ¢(T}) = == and ¢(T») =
% are integers. Therefore, this curve lies in the strictly semistable locus and
the image 7,(C, x1, ..., X2442) can be represented by several possible topological
types. By [ , Prop. 6.7], the orbit closure of 7,(C, x1, ..., X2g42) contains a
curve in which C; is replaced by the union of two lines D; U D, with two marked

points at the node D; N D». O

REMARK 3.6. Note that , restricts to an isomorphism on the (nonclosed) locus of
curves consisting of two tails connected by an irreducible bridge with four marked
points. However, on the locus of curves consisting of two tails connected by a
chain of two bridges with two marked points each, 7, forgets the data of the chain.
Hence the map 7, fails to satisfy axiom (3) of [Sm, Def. 1.5]. In particular, the
Veronese quotient described in Theorem 3.5 is not isomorphic to a modular com-
pactification in the sense of [Sm].

3.3. Morphisms between the Moduli Spaces We Have Described

COROLLARY 3.7. If 1 <€ < g — 2, then there is a morphism

Ve ev2: 1\_40’(

g—1—
L_£)2g+2 — Vg_H 1 \28+2
23] zT%(zT%)

that preserves the interior.

Proof. For1 < { < g — 3 we consider the composition

Xa g—1-¢
MO,( 1 8)2g+2 —> MO,( 1 S)2g+2 —> VHI ( 1 )2g+27

1 +3 =+3°\7+3

where the first morphism is Hassett’s reduction morphism [Ha, Thm. 4.1] and the
last morphism is 7y 5.
If¢ = g—2, then V& '*

1
e (7o)
weight datum. Because there is a morphism Mg 4 — (P')%$%2 // SL(2) for any
symmetric weight datum A [Ha, Thm. 8.3], we obtain v/,_» ,. O

e = (P1)28+2 //SL(2) with symmetric

To derive morphisms between the moduli spaces described in Theorem 3.5, we
consider the following diagram:
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1\/[07 n

Te

g+1-¢ g—1-¢
‘/i—l ( 1 )2g+2 ********* VI+I ( 1 )2g+2
1 \T+1 +3°\e+3

PROPOSITION 3.8.  [f 3 < £ < g—2,thenthe morphism g ¢y, factors through .

Proof. By the rigidity lemma [Ke, Def.-Lemma 1.0] it suffices to show that, for
any curve B C M,, (L —e)2 " contracted by t,, the morphism v, ¢, is constant.
e

We have already described the curves contracted by t, in the proof of Theorem 3.5,
so it suffices to show that the same curves B are contracted by ¥ ¢42.

When ¢ < g —2,wehavei = £+ 1mod 2 if and only ifi = (£ +2) 4+ 1mod 2;
hence the image of B is contracted by

1-¢
Tet2: M()( _ )2g+2 - V/fH 1 \28+2-
i3 (753)

If ¢ = g — 2, then ¥,_; ¢ is Hassett’s reduction morphism

My, (g2 = (B)*%7 )/ SLQ2).

In this case there are two types of odd/even chains (of length 1 or 2). It s straight-
forward to check that these curves are contracted to an isolated singular point of
(P1)26+2 // SL(2) parameterizing strictly semistable curves. UJ

4. Higher-Level Conformal Block Divisors
and Veronese Quotients

The main goal of this section is to prove Theorem 4.6, Which states that if n =

2g + 2 then the divisors D), 4 = D ()% and D(sl,, ¢, w1 2) determine the
+

1
same birational models. We shall prove this claim by showing that D(sl,, £, a)zg H)

and D,, 4 lie on the same face of the semi-ample cone.

Toward this end, we use a set of S,,-invariant F-curves (given in Definition 2.10)
that were shown in [ , Prop. 4.1] to form a basis for Pic(l\_/Io,,l)S". Recall
that we used Theorem 2.1 to obtain, in Corollary 2.2, a simple formula for the
intersection of these curves with D, 4. Here we will show (in Corollary 4.5)
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that D(sl,, ¢, a)fg+2) is equivalent to a nonnegative combination of the divisors
{Duzm (dyer2 k€Zso, £+2k < g}. This claim follows from Proposi-

C42k+1° \€+2k+1 2042
tion 4.4, which shows that the nonzero intersection numbers D(sl(,, £, a)lg )- F;

are nondecreasing.

4.1. Definition of Vector Bundles of Conformal Blocks
and Related Notation

In this section we briefly give the definition of conformal block divisors and explain
our notation. The reader can find the details in [ U, Chaps. 3, 4]. For representation-
theoretic terminologies and definitions, consult [ Hu].

Let g be a simple Lie algebra. Fix a Cartan subalgebra j C g and positive
roots AT. Let & € A be the highest root, and let (-, -) be the Killing form normal-
ized so that (6,0) = 2. For a nonnegative integer £, the Weyl alcove P, is the set
of dominant integral weights X satisfying (A,0) < £.

For a collection of data (g, ¢, A= (A1 ..., An))—where g is a simple Lie
algebra, ¢ is a nonnegative integer, and X is a collection of weights in P,—we can
construct a conformal block vector bundle V(g, ¢, X) as follows.

For a simple Lie algebra g, we can construct an affine Lie algebra

=98 C((2)) ®Cc,
where c is a central element, via the bracket operation
[X® f.Y ®gl=I[X.Y]® fg + c(X,Y)Res.—o g df.

For each £ and X € P, there exists a unique integrable highest-weight g-module
., where ¢ acts as multiplication by . Let H; = @;_, H,,. Then there is a nat-
ural g,-action on H;, where

i =@PoeCz) ®Ce.

i=l1

Now we fix a stable curve X = (C, py,...,pn) € ./\7lg,n and also set U =
C —{pi1,..., pn}. There is a natural map O¢c (U) — @_, C((z;)). Thus we have
a map (indeed, it is a Lie algebra homomorphism)

9(X) =g® Oc(U) = P s @ C((z1)) & Cc = §i.
i=1
The vector space V(g, ¢, X) | x of conformal blocks is defined by H; /g(X)H;. By
[U, Thm. 4.4], this construction can be sheafified; by [ U, Thm. 4.19], these vector
spaces form a vector bundle V(g, £, ) of finite rank over the moduli stack M, ,.

Finally, a conformal block divisor D(g, ¢, 1) is the first Chern class of V(g, £, X).
In this paper, we focus on the g = s, cases.
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4.2. Intersections of F; with D(sl, ¢, a)fﬁz) Are Nondecreasing

In this section we prove that the nonzero intersection numbers of D(sl,, £, wfg +2)

with the S, invariant F-curves F; are nondecreasing. We recall some notation
from [ ].

DEFINITION 4.1. Define
re(ai,...,a,) :=rankV(sl,, ¢, (a1wy,...,a,w1))

and, as a special case,

re(k?,t) == rank V(sla, £, (koy, ..., ko ,tw))).
N—— ——
j times
For the basic numerical properties of ry(ay, ..., a,), see [ , Sec. 3].

PrOPOSITION 4.2.  The ranks ry(1/, 1) are determined by the system of recurrences
re(U,0) = (V"L = D+ (UL 4D, =1L ©)
together with seeds

re(U, y=11ifj <€ and r(1’,j)=0ifj > L.

REMARK. Therecurrence (2)is reminiscent of the recurrence for Pascal’s triangle.

Proof of Proposition 4.2. Partition the weight vector (1,...,1,7) = 1t as
V='U(1,1). If j 4t is odd then, by the odd sum rule | , Prop. 3.5], 7 (1/,1) =
0. So assume that j + ¢ is even. Then the factorization formula [ , Prop. 3.3]
states that ,
re(U,0) = " r (U wyre(1, 1, ). 3)
n=0
We can simplify this expression. Recall that, by the sl, fusion rules [ , Prop.

341, re(1,¢, ) is O if w > ¢t + 1 or if u < ¢t — 1. Thus the only possibly nonzero
summands in (3) are when u =t — 1, ¢, or t 4+ 1. But when u = ¢, by the odd sum
rule [ , Prop. 3.5] we have r¢(1,¢,¢) = 0. Thus (3) simplifies as follows:

re(U) =r (Ut =D+ (U e+ 1), t=1,..,0—1;
re(1,0) = r (17710 — 1).

Since r¢(1/=!, £ + 1) = 0, we can unify these two lines and thereby obtain (2).

O
LEmMMA 4.3. Leti; < iy and ji < jo. Suppose iy =iy = j| = j, (mod2). Then
re(1, j)re(12, j2) —re(11, j2)re(12, j1) = 0.

Proof. We prove the result by induction on i,. For the base case, we can check
that (iy,ip) = (0,2) and (i1, i2) = (1,3). If (i1, i2) = (0, 2) then the result is true
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because r¢(t) = 0 if + > 0. Similarly, if (i1,i;) = (1,3) then the result is true
because r¢(1,t) =01if r > 1.

So suppose the result has been established for all quadruples (iy, i», ji, j2) with
i» <k — 1. We now apply the recurrence (2):

re(1, ) re(12, o) — re(17, j2)re (12, 1)
= (re(1" " i = D+ (1" i+ D) (127 jo = D + (127 jo + 1)
— (re (" o = D A (1 o+ D) (e (127 i = D 4 (127 i+ 1)
=r(1""L i = Dre(127 o = D) = (1", jo = Dre (127 ji = 1)
+r (1 = Dr (127 o+ 1) — e (17 o + D127 i — 1)
+ (1 i D (127 o = 1) = (17 o = D127 i + 1)
+r (1 i Dre (127 o+ 1) = r (17 o + D127 i + 1.

By the induction hypothesis, each of the last four lines is nonnegative. UJ

PROPOSITION 4.4.  Suppose £ <i < g—2andi = € (mod?2). Then
D(sly, €, 07""?) - F; < D(sly, £, 07°"%) - Fipa.

Yet ifi = £+ 1(mod2), then D(sly, £, ") - F; = 0.

Proof. By [AGS, Thm. 4.2] we have D(sly, £, w1"%) - F; = ry (11, ) re (177172, 0).
By the odd sum rule [ , Prop. 3.5] we see that re(11,£) = 0ifi = £+1(mod?2).
In the remaining cases, we wish to show that

re(1F2, 0 (174 0) — 1 (1, ) (1"7172, ) > 0.
We apply the recurrence (2) and use r,(1/,¢) = 0 if t > £ to obtain
re(1F2, 0 re (114 0) — 1 (1, ) re (177172, 0)
= (e = 1) + (17 + D) r, (1774 0)
— (1,0 (re (13,0 = 1) + (173,04 1))
=r (10— Dry(1"740) —re (1, 0)r(1"773, 0 = 1)
= (re(1, £ =2) +re(1,0))re (1" 7174, 0)
— (1, ) (re (1" 0 = 2) + 1, (1"172, 1))
=r(1, 0 =2 (174 0) — 1 (1, O re (1" 174 0 — 2).
By Lemma 4.3, we have

re(1, 6 = 2)rg(1" 4 8) — re (1, €) g (1774, £ — 2) > 0. O

COROLLARY 4.5. The divisor D(sl,, £, a)%g +2) is a nonnegative linear combina-
tion of the divisors {Duqu (o )2g+2 tk€Z-g, L+ 2k < g}. Moreover, the
C4+2k+1° \€+2k+1 -

coefficient of Di-1 (L) in this expression is strictly positive.
417\ e+1
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Proof. The statement follows from Proposition 4.4 and the intersection numbers
computed in Corollary 2.2. O

4.3. Morphisms Associated to Conformal Block Divisors

We are now in a position to prove that the divisors D(sl,, £, a)fg”) give maps to
Veronese quotients.

THEOREM 4.6.  The conformal block divisor D(sl,, £, wf’gﬂ) on 1\_/10,2g+2 forl <
¢ < g is the pullback of an ample class via the morphism

-+ 1-¢
BN 74

=140

— o =
Qi1 4 = @1 0 pa: My, —> Mo 4
o+l ’ =

e+

2g+2 . . , . =
Here A = (%H) 877 and py is the contraction to Hassett’s moduli space Mo 4 of

stable weighted pointed rational curves.

Proof. By [ , Cors. 4.7, 4.9] and Corollary 2.2,

Dt (L)Zgﬁ = D(s[z,f,wlzg+2)
o0 \e

if £ = 1,2. If £ > 3 then, by Corollary 4.5, D(sl,, ¢, w%ﬁz) is anonnegative linear

combination of Dei2k-1 - )2g+2 fork € Z>o and £ 4+ 2k < g. In the latter case,
C4+2k+1° \E+2k+1 -

by Proposition 3.8 we see that all of the divisors in this nonnegative linear combi-

nation are pullbacks of semi-ample divisors from V,* YLIXE- Moreover, one of them

sl

is ample and appears with strictly positive coefficient. The result follows. UJ

REMARK 4.7. If n is odd, then all of D(sl,, ¢, (w1, ...,w1)) is trivial [Fa, Lem-
ma 4.1]. It therefore suffices to consider n = 2g + 2 cases.

We note that, for a sequence of dominant integral weights (k w1, ..., k,w;) of
sl,, the integer (}_7_, %‘) — 1is called the critical level c€. By [Fa, Lemma 4.1],
if £ is strictly greater than the critical level then D(sl,, ¢, (kjwy,...,k,w1)) =0,
in which case the corresponding morphism is a constant map.

Ifky = - - - = k, = 1 then the critical level is equal to g, so it is enough to study

the cases 1 < £ < g. Hence Theorem 4.6 is a complete answer for the cases of Lie
algebra sl, and weight data 7.

5. Conjectural Generalizations

Numerical evidence suggests that the connection between Veronese quotients and
sl, conformal block divisors holds in a more general setting. In this section, we
describe some of this evidence and make a few conjectures.

5.1. sl, Cases

We start by considering sl, symmetric weight cases—that is, ID(sl,, £, kw() for
1 <k < £. Theorem 4.6 tells us that when £ = 1, the associated birational models
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are Veronese quotients. Before we can predict the birational models associated to
other conformal block divisors, we need the following useful lemma.

LeEmMA 5.1 [RW, (17)]. The rank re(ay,...,a,) # 0 if and only if (a) A =
2?21 a; is even and (b) for any subset I C {1,...,n} withn — |I| odd,

A—(n=DL <Y (2a;—0).
iel

Observe that, for a given weight datum, the left-hand side of this expression is
fixed and the right-hand side is minimized by summing over all weights such that
2(1,‘ < L.

The next result shows that, when k = £, we get the same birational model as in
the case k = 1.

PropoSITION 5.2.  We have the following equalities between conformal block
divisors:

L
D(S[Q,Z,Za)l;) = ED(E[Z, l,a)?) = %D(S[Zk, l,a),’:).

Proof. The second assertion is a direct application of [GiG, Prop. 5.1], which
states that

1
D(s[r, 15 (wzu "'7wzn)) = %D(E[ﬂﬁ 17 (wkZl’ t "wkzn))'

For the first assertion, let D = D(sl,, ¢, fw]). It suffices to consider intersec-
tion numbers of D with F-curves of the form F; = F,_;_5 ;1,1. Then

4
D Fiiyis = Z deg(V(sla, €, (ujo1, ur 01, u3 w1, us1))) Hrz(ﬁik,l),

iep? k=1

where P, = {0, 1,...,€}. When iz = iy = 1, we may use the two-point fusion rule
for sl to obtain

D-F= Y deg(V(sly, £, oy, uamn, oy, £))re ("2, up)re (€, uy).

0<uj,ur<t

By the case I = {n} if n is even and I = @ if n is odd in Lemma 5.1, we see that
re(84,t) = 0if 0 < t < £. Hence

D-F= Y deg(V(sly,t, mwy, upwr, oy, t))re(@" 2 up)r (€, uy).

ur,uz2=0,¢

But by [Fa, Prop. 4.2],
deg(V(ﬁ[z,ﬁ, 0,0, éa)l,éa)l))) = deg(V(s[z,é, (O, Ea)l,éwl,ﬁwl))) =0
and deg(V(ﬁ[z,E, (Ewl,éwl,éwl,éwl))) = {. Thus
D F; = re(@" 2, 0)r (€, 0).
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It therefore suffices to show that r, (¢, £) = r¢(1', 1), but this follows by induction
via the factorization rules and the propagation of vacua. UJ

For the majority of values of k such that 1 < k < ¢, the divisor D(sl, £, kw})
appears to give a map to a Hassett space. To establish our evidence for this, we
begin with the following lemma.

LEMMA 5.3. Suppose that 1 < k < £. Then ry(ki,t) = 0 if and only if either
ki + t is odd or one of the following holds:

(i) 2k < Candi <max{£,2—i};
(i) 2k > £, i iseven, and i < max{ .2 — 7 };

(iii) 2k > £,i isodd, and i < max{f_;]’(ﬂ — (f_;]’(}

Proof. Each of (i)—(iii) follows from the case-by-case analysis of Lemma 5.1 and
the remark that follows it. O

We now consider which S,-invariant F-curves have trivial intersection with the
divisors in question.

PropoSITION 5.4, Supposethat1 < k < %K,and letD = D(sly, £, kwl). Assume
that n is even and that £ < %" — 1. (Recall that, by Remark 4.7, this assumption
is necessary for the nontriviality of D.) If a < b <c <d,then D - F, . 4 =0

. . £+l
ifandonlyif a+b+c < <.

Proof. By[Fa,Prop.4.7], the map associated to D factors through the map 1\_/10, n—

l\_/IO ()" Therefore, ifa + b+ ¢ < % thenD- F, 5 4 = 0. Hence it suffices to
AY2S]

show the converse. We assume throughout thata + b + ¢ > %

By [Fa, Prop. 2.7], we have

D Fopea= Z deg(V(sly, £, (uio1, ur w1, u3wy, us01)))
ﬁeP;‘
x 1ok uy) re (k" un) re (kS us) re (k% uy).

Since each term in this sum is nonnegative, it is enough to show that a single term
is nonzero.
We first consider the case that 2k < £. Set
min{ka, £} if ka = £ (mod?2),
{ min{ka, £ — 1} if ka # £ (mod?2).
Note that, by assumption, both k(a+b-+c+d) = kn and k(a+b+c)+£ are strictly
greater than 24 + 1. So it is straightforward to check that w, + w, + w, + wy >
2¢ and £ + 1 > wy. Note further that 2¢ + 2 + 2w, > 2w, + w, + w, and
2w, > 4. Hence there is an integer w,, such that w, = w; (mod2) and 2¢ <
Watwp+wet+wg < 284242w,. Then wo+w,+w.+ws = watwp+w.+wy =
k(a+b+c+d) = 0(mod?2). Thus deg(V(sl2, £, (w1, wyo1, W1, Wa1))) #
0 by [Fa, Prop. 4.2]. It therefore suffices to show that r, (k¢ w,) # 0. In this case,
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however, Lemma 5.3 tells us that 7,(k% w,) = 0 only if a < max{w,/k,2 —
wy/k} < max{a,?2}, which is possible only if a = 1. But then w, = k, so
re(k% wy) = re(k,k) =1 7 0 by the two-point fusion rule. Therefore, r,(k¢, w,)
is always nonzero.
We next consider the case 2k > £. Since here
F-curves are contracted. Set
k if a is odd,
¢ { 2(¢ —k) if a is even.
Again we have that £ + 1 > max{w,, wp, W, Wy}, 2¢ < wy + wp + we + wy <
20 4+ 2 4+ 2 min{w,, wp, we, wg}, and w, + wp + w, + wgy = 0 (mod?2). Thus
deg(V(sla, £, (waw1, wpw1, wewy, wew))) # 0 by [Fa, Prop. 4.2]. If a is odd,
we see thatry(k, w,) = Oifandonlyifa < 1. Ifaiseven, we see thatr, (k¢ w,) =
0 if and only if a < 2. It follows that no F-curves are contracted. O

£+1

- < 3, we must show that no

By Proposition 5.4, the F-curves that have trivial intersection with D(sl, £, kw()

are precisely those that are contracted by the morphism P(L) MO n = M 0.(£)"
£+ e+1

However, this is not enough to conclude that D(sl,, £, kw!) is actually the pull-
back of an ample divisor from this Hassett space, although this would follow from
a well-known conjecture (see [ , Ques. 1.1]).

THEOREM 5.5. Assume that n is even, 1 < k < %6, and £ < %” — 1. If the
F-Conjecture holds (see [ , Ques. 1.1]), then the divisor D(s 2,4, kwl) is the
pullback of an ample class via the morphism P : Mo, — M 0,(4)" In par-
ticular, if = Y 3Z then D is ample.

We note further that Proposition 5.4 does not cover all of the possible cases of
symmetric-weight sl, conformal block divisors. In particular, if & > %E then
D(sl,, ¢, kw'') may have trivial intersection with an F-curve when all of the legs
contain an even number of marked points. Such is the case, for example, with the
divisor D(sl,, 4, Sa)?), which has zero intersection with the F-curve F(2,2,2,2)
and positive intersection with every other F-curve. It is not difficult to see that
the associated birational model is the Kontsevich-Boggi compactification of My g
(see [ , Sec. 7.2] for details on this moduli space).

5.2. Birational Properties of sl Conformal Blocks

In every known case, the birational model associated to conformal block divisors
is in fact a compactification of My ,. That is, the associated morphism restricts to
an isomorphism on the interior. We pose this as a conjecture.

CONJECTURE 5.6.  If D is a nontrivial conformal block divisor of sl, with strictly
positive weights, then D separates all points on My ,,. More precisely: for any two
distinct points x1, X € My, the morphism

H°Mo,,,D) — Dl ® DI,

is surjective.
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If true, this conjecture would have several interesting consequences. Among them
is the following simple description of the maps associated to conformal block di-
visors. Let D be a conformal block divisor of s[, and let pp: 1\7[0,,1 — X be the
associated morphism. Consider a boundary stratum

m

l_[Mo,k,- — My,,.
i=l
By factorization (see [Fa, Prop. 2.4]), the pullback of an sl, conformal block
divisor to Mg x,, and its interior My y,, is an effective sum of sl, conformal block
divisors. If all of the divisors in this sum are trivial, then the restriction of pp to
this boundary stratum forgets a component of the curve:

. _
[TiZi Mok, — Mg,

I

—1
[15 Moy, — X.

If the only nontrivial divisors in this sum have weight 0 on some subset of the
attaching points, then these divisors are pullbacks of nontrivial conformal block
divisors via the map that forgets these points. Therefore, the restriction of pp to
this boundary stratum forgets these attaching points:

Finally, if any of the nontrivial conformal block divisors in this sum has strictly
positive weights, then (by Conjecture 5.6) the restriction of pp to the interior of
this stratum is an isomorphism:

Mo, —— Mo,
lz lpu
Mo, — X.

In summary, Conjecture 5.6 implies that the image of a boundary stratum
"1 Mo, in X is isomorphic to

i=
a b
[IMox x [T Mok
i=1

i=a+1

forsomel <a <b<nandl < j;, <k; —3.
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In this way, the morphisms associated to sl, conformal blocks are reminiscent
of Smyth’s modular compactifications [Sm]. Each of those compactifications can
be described by assigning, to each boundary stratum, a collection of “forgotten”
components. In a similar way, the morphism pp, appears to assign to each bound-
ary stratum a collection of forgotten components and forgotten points of attach-
ment. It follows that, if Conjecture 5.6 holds, one can understand the morphism
op completely from such combinatorial data.
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