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 OF PRINCIPAL PRIME IDEALS

 A. DUNDON, D. JENSEN, S. LOEPP, J. PROVINE AND J. RODU

 ABSTRACT. Let (T, m) be a complete local (Noetherian)
 ring, 5o the prime subring of T and p/Oa regular and prime
 element of T. Given a finite set of incomparable prime ideals
 C = {Qi, . . . , Qn} of T such that either Qi D So = (0) for all i
 or Qi PI So = pSo for all i, we provide necessary and sufficient
 conditions for T to be the completion of a local domain A
 such that p G A and the formal fiber of pA is semi-local with
 maximal ideals the elements of C. We also show that in a

 special case the domain A we construct is excellent.

 1. Introduction. Much research has been devoted to understanding
 the relationship between a local (Noetherian) ring and its completion.
 In these efforts, an important question to address has been the follow-
 ing: given a complete local ring T with maximal ideal m, when is it the
 completion of a ring A with certain properties? One major result of
 this type comes from Lech. Specifically, in [5], Lech shows that a com-
 plete local (Noetherian) ring T is the completion of a local (Noetherian)
 domain if and only if the following conditions hold.

 (1) The prime ring of T is a domain that acts on T without torsion;

 (2) Unless equal to (0), the maximal ideal of T does not belong to
 (0) as an associated prime ideal.

 To understand the relationship between a local ring and its comple-
 tion it is often useful to consider the formal fibers of the ring. If A is
 a local (Noetherian) ring with maximal ideal m and P a prime ideal
 of A , we define the formal fiber of A at P to be Spec (^4 <S>a k(P))
 where A is the m-adic completion of A and k(P) = Ap/PAp. It is
 important to note that there is a one-to-one correspondence between
 the formal fiber of A at P and the inverse image of P under the map
 Spec A - > Spec A. If A is an integral domain, we call the formal fiber
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 of A at the zero ideal the generic formal fiber of A. If Q G Spec A
 and Q fi A = P we will say that Q is in the formal fiber of A at P.
 If the ring A k(P) is semi-local with maximal ideals Q' ®a k(P),
 Q2 k(P), • • • ,Qn we will say that the formal fiber of A at
 P is semi-local with maximal ideals Qi, Q2> • • • , Qn-

 In [1], it is shown that semi-local generic formal fibers are more
 common than one might think. In particular, the authors present
 necessary and sufficient conditions on a complete local ring T and a
 finite set of incomparable nonmaximal prime ideals C of T for the
 existence of a local domain A which completes to T and has semi-local
 generic formal fiber with maximal ideals the elements of C (the set C
 is the set of maximal elements of Q in the following theorem):

 Theorem 1.1 (Charters and Loepp [1]). Let (T, m) be a complete
 local ring and Q Ç Spec T such that Q is nonempty and the number of
 maximal elements of Q is finite. Then there exists a local domain A
 such that A = T and the generic formal fiber of A is exactly Q if and
 only if T is a field and Q = {(0)} or the following conditions hold:

 (1) m £ Q , and Q contains all the associated prime ideals ofT.

 (2) If Q G G and P G SpecT with P Ç Q, then P G Q.

 (3) If Q G Q, then Q fl prime subring ofT - (0).

 Note that since the ring A in this result is a local domain, it must be
 the case that Lech's conditions are implied by those of Charters and
 Loepp. This is not difficult to show.

 In this paper we present the following generalizations of Theorem 1.1.
 In Section 2, we prove a slightly stronger version of Theorem 1.1. In
 Section 3, instead of constructing our integral domain A to have a
 specified semi-local generic formal fiber, we construct it so that it
 contains a height one principal prime ideal with specified semi-local
 formal fiber. Specifically, let T be a complete local ring with maximal
 ideal m, prime subring So and p a nonzero regular prime element of T.
 Let C = {Qi, Q2, ... , Qn} be a finite set of incomparable prime ideals
 of T such that either So fl Qi = (0) for every i or So fl Qi = pSo for
 every i. We show that there exists a local domain A such that A = T,
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 p G A, and the formal fiber of pA is semi-local with maximal ideals the
 elements of C if and only if the following conditions are satisfied.

 (1) p e Qi for every i.

 (2) If dimT = 1, then C = {m}.

 (3) If dimT > 1, then m £ C.

 We then show that under certain conditions the ring A we construct is
 excellent.

 1.1 Notation. We begin with some remarks about notation and
 conventions used in the paper. All rings we consider will be commuta-
 tive with identity. A quasi-local ring is a ring with exactly one maximal
 ideal. If T is a quasi-local ring with maximal ideal m, we will denote
 it (T, m). If a quasi-local ring is Noetherian, then we will call it a local
 ring. The (m-adic) completion of a local ring (T, m) will be denoted T.

 2. Generic formal fibers. Let T be a complete local ring and
 C a finite set of incomparable prime ideals of T. In [1], the authors
 provide necessary and sufficient conditions for T to be the completion
 of a local domain A such that the generic formal fiber of A is semi-local
 with maximal elements the elements of C. In this section we prove a
 stronger version of their theorem.

 The construction in [1] works only when C is finite solely because of
 its dependence on the following lemma:

 Lemma 2.1 (Charters and Loepp [1]). Let (T, m) be a complete local
 ring such that dimT > 1, C a finite set of nonmaximal prime ideals
 such that no ideal in C is contained in any other ideal of C. Let D be
 a subset ofT such that 'D' < 'T', and let I be an ideal of T such that
 I%P for all PeC. Then I <£ U{r + P ' r e D, P e C}.

 The following lemma can also be found in [1]. The authors of that
 paper have recently informed us that there is a problem in part of their
 proof, and so we provide an alternate proof here.
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 Lemma 2.2. Let (T, M) be a complete local ring of dimension at least
 one. Let P be a nonmaximal prime ideal ofT. Then , 'T/P' = 'T' > c
 where c denotes the cardinality of the real numbers.

 Proof. Let 'T/M' = d. We will show that 'T' = d*° and 'T/P' = d?°.
 Since c = 2**°, the result will follow. We start by showing 'T' < d*°.
 Define a map / : T - T/M 1 by f(t) = (t+M, ¿+M2, t+M 3, . . . ).
 Suppose f(t) = f(s). Then t - s e Mn for all ne N. By Krull's
 intersection theorem, r'^=1Mn = (0). It follows that t = s and so / is
 injective. This gives us that 'T' < 'T/M'*° = d*°.

 We now show that if T is a domain, 'T' > d*°. Let 0 ^ y G M.
 Let X be a full set of coset representatives for T/M. Now we define a
 map g : ļļ^i X by 5(01, a2, . . . ) = axy + a2y2 + a3y 3 H

 claim that g is injective. Suppose not. Then there exists (ai, . . . )
 and (61, 62? • • • ) in IlSi ^ suc^ #(ai> a2> • • • ) = 9ÌP i> • • • ) but
 (ai, a2, . . . ) (61, • • • )• Let n be the smallest integer such that
 an ^ bn. Note that we have an + M ^ bn + M since X was a full set
 of coset representatives. Now we have

 a>nyn + an+i2/n+1 + • • • = bnyn + &n+i2/n+1 + * * *

 and so yn((an - bn) + (an+ 1 - 6n+i)2/ H

 we have ( an - bn) + (an+i - &n+i)î/ + • • • = 0. But this implies that
 an - bn G M, a contradiction. It follows that g is injective and so
 m > d^° . We have shown that if (T, M) is a complete local domain of
 dimension at least one, then 'T' = 'T/M'*° = d*°.

 In the general case, note that T/P is a complete local domain of
 dimension at least one so using the above fact we have that 'T/P' =
 '(T/P)/(M/P)'*o = |T/M|*° = d*°. This also gives that 'T' >
 'T/P' = dH°. So we have 'T' = d*° as desired. □

 Armed with Lemma 2.2, we can now prove a variation of Lemma 2.1.

 Lemma 2.3. Let (T, m) be a complete local ring such that dim T >
 1. Let C be a subset of Spec T such that 'C' < 'T' and suppose
 that there exists a finite set of nonmaximal incomparable prime ideals
 {Hi, #2, • • • ,Hn} of T satisfying the property that if P € C, then
 P Q Hi for some i = 1, 2, . . . ,n. Let D be a subset of T such that
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 'D' < 'T', and let I be an ideal of T such that I % U pecP- Then
 I£U{r + P'reD,PeC}.

 Proof. Choose an element teł - U p^cP- Now let Ci = {P G C '
 P Ç Hi} and consider any P G C¿. If r + P G (t + P)(T/P) for some
 r G D, then r + P = (t + P)(s + P) for some s G T. For each pair
 (r, P) with r G D and P G Ci that satisfies r + P G (t + P)(T/P),
 select a coset representative s from the coset s + P. Call this set of
 representatives Note that since 'C' < 'T' and 'D' < |T|, we have
 'Si' < 'T/Hi' = 'T' by Lemma 2.2.

 We first prove the lemma if n = 1. In this case, we can find anxGT
 such that X + Hi ^ s + H i for all s e S'. Now, suppose tx G r + P for
 some r e D and P G C = C'. Then tx + P = r + P = (t + P)(s + P)
 for some s G Si. But ( t + P)(x + P) = (t + P)(s + P) implies that
 £ + P = s + P, a contradiction, since if x + P = s + P, then clearly
 X + if i = s + i/i. Thus, tx £ U{r + P|rGÍ),PG C}.
 If n > 1, then we have that + D is not the zero

 ideal of T/iii since íři, H<¿, . . . , iJn are incomparable. It follows that

 T _ H j +
 Hi Hi

 So, for every i = 1,2, ... ,n, there exists an Xi G fi such
 that + Hi s H- Hi for every s e Si. We claim that t(x i + #2 +
 • • • + £n) ^ U {r + P ' r e D,P e C}. Suppose on the contrary that
 t(x i + X2 H

 for some z = 1, 2, . . . , n. Now, r + P = (t + P)(s + P) for some s e Si
 and so we have that (x' + x<¿ H

 that (xi + X2 + ě ę - + xn) + Hi = s + Hi, which by the choice of the
 x's implies that Xi + = s + a contradiction. It follows that
 t(x i + #2 + • • • + #n) ^ U{r + P I r G P G C}, and so the lemma
 holds. □

 We conclude this section with our variation of Theorem 1.1:

 Theorem 2.4. Let (T, m) be a complete local ring and Q Ç SpecT
 such that Q is nonempty and such that there exists a finite set of non-
 maximal incomparable prime ideals {Hi, H2, . . . ,Hn} of T satisfying
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 the property that if P G G, then P Ç Hi for some i - 1,2,... , n. Let
 C be the set of maximal elements of Q and suppose 'C' < 'T'. Then
 there exists a local domain A such that A = T and the generic formal
 fiber of A is exactly Q if and only if T is a field and Q = {(0)} or the
 following conditions hold :

 (1) m ^ G , and G contains all the associated prime ideals ofT.

 (2) If Q G G and P G SpecT with P Ç Q, then P G G-

 (3) If Q G G, then Q fl prime subring ofT= (0).

 (4) If I is an ideal ofT with I % P for all P G C, then I % U pecP-

 Proof Note that condition (4) is an added condition to the orig-
 inal theorem and always holds if C is finite or infinitely countable.
 Condition (4) is sufficient because it allows us to invoke Lemma 2.3.
 To show that this condition is necessary, suppose that there does ex-
 ist a local domain A such that A = T and the generic formal fiber
 of A is exactly G • Suppose it were the case that there exists an
 ideal I such that I % P for all P G C but with I Ç U pecP-
 Then I (1 A = (0). Let Ass (T/I) = {Pi,P2,... , ^m}, and suppose
 Pi fi A ^ (0) for every i = 1,2,... , m. Let Xi G Pi D A with Xi ý 0-
 Then x = Iļ£Li x* € Pi ^ ^2 H • • • fi Pm D A and, as A is an integral do-
 main, we have x^0. Now, 'fl = Pi D • • • fi Pm, so we have x G 'fī fi A
 and it follows that xl G /fl A for some I > 1. But, xl ^ 0 contradicting
 that I O A= (0). Hence, Pi D A = (0) for some i = 1, 2, . . . , m. It fol-
 lows that Pi is in the generic formal fiber of A and so Pi Ç P for some
 P G C. Hence, I Ç P{ C P, a contradiction. Thus, (4) is a necessary
 condition. Now, substituting Lemma 2.3 where in [1] the authors used
 Lemma 2.1, the result follows and thus the details will not be given
 here. □

 3. Formal fibers of domains at height one primes. In this
 section we address the following question: Given a complete local ring
 (T, m), a nonzero regular prime element p of T and a finite set of
 incomparable prime ideals C = {Q i,... ,Qn} of T , when does there
 exist a local domain A such that p G A, the completion of A is T,
 and the formal fiber of pA is semi-local with maximal elements the
 elements of C? In other words, we want Qi fi A = pA for every
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 i e {1, 2, . . . , n} and, if P e Spec T with P fi A = pA , then P Ç Q¿
 for some i G {1,2,... , n}. We have examined this problem for two
 cases: Qi fi prime subring of T - (0) for all i and the case when Q¿fl
 prime subring of T is generated by p for all i. Specifically, let (T, m)
 be a complete local ring, So the prime subring of T and p a nonzero
 regular prime element of T. Suppose C = {Qi, . . . , Qn} is a finite set
 of incomparable prime ideals of T such that either Qi D So = (0) for all
 i or Qi D So = pSo for all i. We show that there exists a local domain A
 such that A = T, p € A, and the formal fiber of pA is semi-local with
 maximal ideals the elements of C if and only if the following conditions
 are satisfied.

 (1) p 6 Qi for every i.

 (2) If dimT = 1, then C = {m}.

 (3) If dimT > 1, then m ^ C.
 This result is Theorem 3.13 and is the main result of this section. The

 techniques we use are similar to those used in [1, 3, 6]. We begin with
 some useful definitions.

 Definition 3.1. Let (T, m) be a complete local ring, and let p be
 a nonzero regular element of T. Suppose C = {Qi,Q2, • • • ,Qn} is a
 finite set of prime ideals of T all containing p. Suppose that (R, RC I m)
 is a quasi-local subring of T with the following properties:

 (1) 'R' < 'T'.

 (2) If P is an associated prime ideal of T, then R fi P = (0).

 (3) If P is a prime ideal of T with P Ç Qi for some i and p ^ P, then
 RnP = (o).

 Then we call R a p- including subring of T, and we will denote it by
 pin-subring.

 The properties of pin-subrings will be essential in the proof of our
 major result in this section. To show the existence of our local domain
 A, we construct a chain of intermediate pin-subrings and then let A
 be the union of these subrings. Ideally, for each we would like
 Qi il S = pS for each of these intermediate subrings S . The following
 three lemmas show that, given a pin-subring R , we can find a larger
 pin-subring S with the property that pT fi S = pS. We will see

This content downloaded from 128.163.238.104 on Tue, 07 May 2024 17:36:56 +00:00
All use subject to https://about.jstor.org/terms



 1878 A. DUNDON, D. JENSEN, S. LOEPP, J. PROVINE AND J. RODU

 in Corollary 3.6 that this property implies Qi fi S = pS for every
 i = 1, 2, . . . , n when pT is a prime ideal of T.

 For the rest of the section, we use the following conventions: Let
 (T, m) be a complete local ring with dimT > 1 and C = {Q i, ... , Qn}
 a finite set of incomparable nonmaximal prime ideals of T all containing
 p. Thus, when we say a pin-subring of T, we shall mean a pin-subring
 with respect to the set C. We will also assume for the rest of the section
 that p is not a zerodivisor in T.

 Lemma 3.2. Given (R,R fl m) a pin-subring of (T, m) with C =
 {QiiQï, ' ' ' i Qn} a> finite set of prime ideals and c G pT fi R, there
 exists a pin-subring S of T such that R Ç S CT and c G pS. Moreover,
 |S| < sup(N0, |Ä|).

 Proof Since c € pT D R, c = pu for some element u in T. We claim
 that S = fi[íí](fí[u]nm) is the desired subring. First note that c G pS
 and 'S' < |T|. Let P G Ass T, and let / G P fl iř[tz]. Then / = rnun +

 Since p is not a zerodivisor, / = 0 and we have that P H S = 0. Now
 suppose that P G SpecT with P Ç for some ^ P, and let
 / G PnS. Then, by a similar argument, / = rnun H

 and pnf = rncn H

 we have that P fl S = 0. It follows that 5 is a pin-subring of T. The
 fact that S satisfies the cardinality condition is clear. □

 Definition 3.3. Let Q, be a well-ordered set and a G fl. We define

 7(a) = sup{/3 G Ū I ß < a}.

 Lemma 3.4. Given (Ä, fíflm) a pin-subring of (T, m) with C a
 finite set of prime ideals , there exists a pin-subring S of T such that
 RC S CT and pT fl R Ç pS. Moreover , |S| < sup(No, 'R').

 Proof Let ÍŽ = pT fl R. We know that |fl| < |fi|. Well order
 Í), and let 0 denote its first element. If tl is infinite, we will well
 order it so that there is no maximal element in the following way. Let
 'ii' = K. Then k is an infinite cardinal. (For a discussion of this
 see, for example, [2, subsection 3.6].) By [2, Theorem 3.6.1], « is a
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 limit ordinal. It follows that k is a well-ordered set with no maximal

 element (see the discussion on page 24 in [2]). Also note that this set
 has the same cardinality as ft. So, we use this set to well order ÍÍ.
 Define Ro = R and suppose a G fż. If 7(a) < a, then construct Ra
 from Rj(a) using Lemma 3.2 with c = 7(0;). Otherwise, 7(a) = a
 so define Ra = U ß<aRß- We show by transfinite induction that, for
 every a G iî, Ra is a pin-subring of T and that |ižQ| < sup(N0, |ñ|).
 Since Ro satisfies these conditions, the base case holds. Suppose a e ft
 and that for every ß < a we have that Rß is a pin-subring of T and
 'Rß' < sup(No, |Ä|). If 7(a) < a, then by the way we defined Ra ,
 it is a pin-subring. Moreover, |iřa| < sup(No, |Ay(a)|) < sup(No, 'R').
 On the other hand, suppose 7(a) = a. Then Ra clearly satisfies the
 last two conditions of being a pin-subring. Now, |iřa| < J Zß<a '^ß' -
 |Ä| sup^<a lÄ^I < 'R' sup(No> |Ä|) = sup(H0, |Ä|). It follows that Ra
 is a pin-subring of T. If Í) is finite, let d denote its maximal element.
 In this case, define S to be the pin-subring obtained from Lemma 3.2
 using R = Rd and c = d. If Q, is infinite let S = Uaeniïa. Then we
 have that 'S' < Sa€n|Äa| < |Ä| * sup(H0, |Ä|) = sup(K0, |Ä|). It is
 now clear that 5 is a pin-subring of T. Additionally, if Q is infinite
 and c G pT fl Ro , then c = 7(a) for some a in ÍŽ with 7(a) < a. Thus
 c G pRa Ç pS , so pT fl Ro Ç pS. In the case when Q, is finite, this
 condition is easy to verify. □

 Lemma 3.5. Given (R,R fl m), a pin-subring of (X1, m) with C a
 finite set of prime ideals , there exists a pin-subring S of T such that
 RC S CT and pT fl S = pS. Moreover , |5| < sup(No> |ß|)-

 Proof Let Ro = R. We now define Ri recursively. For Ri- 1, we
 use Lemma 3.4 to find a pin-subring Ri with pT D Ri-i Ç pRi and
 I -Ri I - sup(No, |Ä|). Let S = U i^iRi' It is easy to show that S is
 a pin-subring and that it satisfies the cardinality condition. Suppose
 c G pT fl 5. Then there exists an n G N such that c G pT D Rn Ç
 pRn+ 1 Ç pS. Thus, pT nS Ç pS, so pT fl S = pS. □

 Corollary 3.6 will be essential to the proofs of Lemmas 3.9 and 3.10.

This content downloaded from 128.163.238.104 on Tue, 07 May 2024 17:36:56 +00:00
All use subject to https://about.jstor.org/terms



 1880 A. DUNDON, D. JENSEN, S. LOEPP, J. PROVINE AND J. RODU

 Corollary 3.6. Let (R, R D m) be a pin-subring of (T, m) and
 C = { Qi,Q2 »••• ,Qn} cl finite set of prime ideals of T where R has
 the property that pTCiR = pR and pT is a pńme ideal of T. Then we
 have QiD R = pR for all i = 1,2,... , n.

 Proof Fix i and suppose f e QiCiR. We know there exists a height 1
 prime ideal J in Qi which contains /T. If p ^ J, then J fi R = (0)
 since R is a pin-subring, so / = 0 G pR. Otherwise p G J, so J is an
 associated prime of pT and J = pT. Thus, Jr'R = pTf)R = pR, so
 / G pR and Qi fl R Ç pR , giving us that Qi D R = pR. □

 The following proposition establishes the fact that the conditions in
 the hypotheses of later lemmas imply that T is an integral domain.
 This fact is useful because then any subring of T is also an integral
 domain.

 Proposition 3.7. Let T be a complete local ring and let p be a
 nonzero element of T that is not a zerodivisor. If pT is a prime ideal
 of T , then T is an integral domain.

 Proof Suppose pT is a prime ideal of T. Since p is not a zerodivisor,
 htpT =1. So we have a principal prime ideal with height ^ 0, so by
 [7, Theorem 15.33], T is an integral domain. □

 The following is Proposition 1 from [4] . It helps us to ensure that the
 final ring we create completes to T.

 Proposition 3.8 (Heitmann [4]). If (R, m f)R) is a quasi-local
 subring of a complete local ring (T, m), the map R - > T/m2 is onto and
 IT fi R for every finitely generated ideal I of R , then R is Noetherian
 and the natural homomorphism R-+T is an isomorphism.

 In light of this proposition, we will construct A so that the map
 A - > T/m2 is onto. Lemma 3.9 allows us to adjoin an element of a
 coset of T/J to a pin-subring R where J G SpecT such that J % Q i
 for every i to get a new pin-subring. Using this lemma with J = m2
 will eventually give us that A satisfies this property. We prove this
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 lemma for an arbitrary ideal J because it is also used to show that the
 formal fiber of the ideal pA is as desired and that in a special case A is
 excellent.

 Lemma 3.9. Let (T, m) be a complete local ring and C =
 {Qh Q2, • • • , Qn} a finite set of incomparable nonmaximal prime ideals
 of T. Let R be a pin- subring of T such that pT D R = pR where pT
 is a prime ideal ofT , and u + J G T/J where J is an ideal of T with
 J % Q i for all i. Then there exists a pin- subring S of T such that
 R Ç S ÇT, u + T is in the image of the map S - > T/J and S has the
 property that pT fl S = pS. Moreover , |S| = sup(No, 'R') and if u E J
 then SD J / (0).

 Proof Fix i and suppose P is a prime ideal contained in Qi with
 p fi P. Suppose that (u + t) + P is algebraic over R/R fi P = R
 for some t G T. Then there exists a polynomial rn(u + t)n + • • • +
 ri(u + t) + ro G P where at least one / 0. But P C Q¿, so
 rn(u+t)n -'

 is algebraic over R/(R fi Qi). Suppose then that r j G R D Qi for all
 j. Since RnQi = pR by Corollary 3.6, rj = psj for some sj G R. So

 t)n + * * * H~ r' (u + 1) + ro = p[sn(u + t)n + • • • + s' (u + 1) + so] G P .
 P is prime, and p fi P, so sn(u + t)n + • • • + si(u + t) + so G P C Qi.
 Again, if any Sj fi RH Qi, then (u + 1) + Qi is algebraic over R/RC' Qi.
 Otherwise, we repeat the process. If, for every j , rj G pnR for all n,
 then rj G fi ™=1(pR)n Ç n^l^pT)71 = (0) by the Krull intersection
 theorem. However, this implies that (u + t) + P is not algebraic over
 iî, a contradiction. Thus (u + t) + Qi is algebraic over R/R fl Qi. The
 contrapositive of this result says that if (u + t) + Qi is transcendental
 over R/(R D Q¿), then (u + t) + P is transcendental over R.

 Now let ^(Qi) be a full set of coset representatives of the cosets
 t + Qi with t G T that make (u + t) + Qi algebraic over R/R fl Qi.
 Let D = U"=1D(q ). Since |Ä| < 'T' and 'D(q .)| < 'T' we have that
 'D' < |T|.

 We can now employ Lemma 2.1 with I - J to find ana: G J such that
 X fi U {r + P ' r e D,P = Qi for some i} since the set {Q 1, . . . , Qn} is
 finite. We claim that S' = R[u + ^](Ä[u+x]nm) is a pin-subring. Since
 u + X is transcendental over R we have 'S'' = sup(No, 'R') < 'T'. Now
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 suppose that / G R[u + x] fl P, where P is a prime ideal of T such that
 P ÇQi for some i and p ļ P. Then / = rn(u- '-x)nĄ

 P, where G Ä. But we chose x such that ( u+x)+Qi is transcendental
 over R/Rn Qi. Thus (u + x) + P is transcendental over Ä/.R fl P.
 Therefore, G RHP = (0) for all ż, and it follows that / = 0. Observe
 that since T is a domain, S' is a domain. Thus S" is a pin-subring. Note
 further that if u G J, then u+x G J. Since (u+z) + P is transcendental
 over ñ, we have u Ą- x ^ 0. It follows that S' fl J / (0). Now employ
 Lemma 3.5 to find a pin-subring S where S' Ç S and pT fl S = pS.
 Moreover we get that 'S' = sup(No> 'R'). □

 The following lemma will help us ensure that IT fl A = I for every
 finitely generated ideal I of A. This is one of the conditions from
 Proposition 3.8 needed to show that A = T.

 Lemma 3.10. Let R be a pin-subring of (T, m) and C = {Qi,Q2>
 ... ,Qn} û finite set of incomparable nonmaximal prime ideals of T
 with the property that pT fl R = pR where pT is a prime ideal of T.
 Also let I be a finitely generated ideal of R with c G IT DR. Then there
 exists a pin-subring S such that R Ç S ÇT, c G IS and pT D S = pS.
 Moreover , 'S' < sup(N0, |-R|).

 Proof We induct on the number of generators of I. Suppose I = aR.
 If a = 0, then c = 0 so S = R is the desired pin-subring. If a ^ 0, then
 c = au for some u G T. We claim that S = PH(ß[w]nm) 1S the desired
 subring. First note that |S| < sup(No> |#|) < 1^1- Suppose P Q Qi for
 some i andp ļ P and / G ä[ia]DP. Then f = rnun-'

 and anf = rncn H

 is not a zerodivisor since T is a domain. Thus / = 0 and we have that
 5 is a pin-subring of T. Now use Lemma 3.5 to get the desired pin-
 subring. We have proven our base case, when the number of generators
 of I is one.

 Now let I be an ideal of R that is generated by m > 1 elements, and
 assume that the lemma is true for ideals with m - 1 generators. Let
 I = (?/!, . . . ,2/m)Ä. Suppose first that yj ^ pR for some j. Without
 loss of generality, reorder the generators of I so that this element is
 2/2- We have that c = y't' + 3/2^2 + • • • + 2/m¿m for some U G T. We
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 can add 0 to get that c = yiti + 2/12/2^ - 2/12/2* + 2/2*2 H

 2/1 (¿i + 2/2Ż) + 2/2(^2 - vit) + 2/3*3 + • • • + 2/m¿m for any ż G T. We
 will choose our t shortly. Now let x' = t' +2/2* and £2 = *2 - Vit-
 If (¿1 + 2/2¿) + Qi = {ti + y2ť) + Qi for any z, then we have that
 2/2 - i') G However, y2 e R and #0(9;= pR. Since y2 £ pR ,
 2/2 ^ and since is prime, we now have that (t - t') G Q¿, which
 means t + Qi = ť + Q¿. The contrapositive of this result says that
 if t + ± ť + Qi, then (¿1 + y2t) + Qi ^ (ti + y2ť) + Qi. Let
 D(q.) be a full set of coset representatives of the cosets t + Qi that
 make x' + Qi algebraic over R/R fl Qi. Let D = Vi=lD(Qi)- Note
 that 'D' < |T|, so we can use Lemma 2.1 where I = T to find an
 element t G T such that t £ U {r -f P | r G D, P = Qi for 1 < i < n}.
 Thus we have that x' + Qi is transcendental over R/R fl Qi for all
 i. It's clear that R' = fiķi](fi[n]nm) is a pin-subring of T and
 'Rf' = sup(Noi |Ä|). Let J = (2/2, • • • ,2/m)#' and c* = c - y'X'. Then
 c* G JT fl Rf and so we use the induction assumption to find a pin-
 subring 5 of T such that R' Ç S Ç T and c* G JS. Moreover, we have
 'S' < sup(No,|Ä'|) = sup(N0, |Ä|). Now, c* = y2s2 H

 some Si G 5, so c = yiX'+y2s2 H

 pin-subring.

 Now suppose that yj G pkR for all j, where k is the largest such
 integer and k > 1. Since c = y't' + • • • + 2/m^m? we now have that
 c/pk = (yi/pk)h + • • • + ( ym/pk)tm . Let I' = {yi/pk, . . . ,ym/ph)- We
 know that yj G pR for all j, so c G pT fl ñ, which means c G piř
 and c/p G R. Similarly, we have that yj G p2R, so ^/p £ pR and
 c/p G pT fl iř, which means c/p G pR and c/p2 G iř. We can repeat
 this process until we get that since yj G pkR for all j, c/pk G R. Thus,
 c/pfc G J'T fl R. I' is a finitely generated ideal in R where at least one
 of the generators is not a multiple of p, so we can use the induction in
 the previous paragraph to get a pin-subring S satisfying the cardinality
 condition and such that c/pk G I' S = (yi/pk, . . . , ym/pk)S , so we have
 ^ ^ (2/I 1 • • • » V rrt) ^ = IS . □

 Lemma 3.11 allows us to create a subring 5 of T that satisfies many
 of the conditions we want to be true for our final ring A.

 Lemma 3.11. Let (T, m) be a complete local ring and p / 0 a
 regular and prime element of T . Let C = {Q',Q2, . . . ,Qn} be a set
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 of incomparable nonmaximal prime ideals such that p G nf=1Q¿. Also ,
 let J be an ideal of T with J £ Qi for all i, and let u + J G T/J.
 Suppose R is a pin- subring such that pT D R = pR. Then there exists
 a pin-subring S of T such that

 (1 ) RC S CT.

 (2) If u G J , then S D J ^ (0).

 (3) u + J is in the image of the map S -ïT/J.

 (4) For every finitely generated ideal I of S , we have IT fl S = I.

 (5) |S|=sup(K0,|fi|).

 Proof We first apply Lemma 3.9 to find an infinite pin-subring
 R' of T such that pT fl R' = pR' , R Ç R' Ç T, u + J is in the
 image of the map R - > T/J, and if w G J then R' fl J ± (0).
 Moreover, we have that |iř'| = sup(No> |Ä|). We will construct the
 desired S such that Rf Ç S Ç T which will ensure that the first
 three conditions of the lemma hold true. Now let ÎÎ = {(/, c) |
 I is a finitely generated ideal of R' and c e IT 0 R'}. Letting I = R',
 we can see that 'ii' > |Ä'|. Since Rf is infinite, the number of
 finitely generated ideals of R' is |iť|, and therefore 'R'' > |fi|, giving
 us the equality 'R'' = |íí|. Moreover, as R' is a pin-subring of T,
 we have |íí| = 'R'' < 'T'. Well order so that it does not have
 a maximal element (just as in the proof of Lemma 3.4), and let 0
 denote its first element. We will now inductively define a family of
 pin-subrings of T, one for each element of ÍÍ. Let Ro = R' , and let
 a e Ū. Assume that Rß has been defined for all ß < a. If 7(a) < a
 and 7(a) = (/, c), then define Ra to be the pin-subring obtained
 from Lemma 3.10. In this manner, Ra will have the properties that
 R<y(a) Q Ra QT, and c e IRa> Moreover, |Ä'| < sup(N0, |Ay(a)|). If
 7(a) = a, define Ra = U ß<aRß. Note that in both cases, Ra is a pin-
 subring of T such that pT C'Ra = pRa . Also, by transfinite induction,
 |Āa| = sup(No, |Ā|) for every a G fl. Now let R' = U aenRa- Then
 |Āi| = sup(^o> |fi|) < 1^1 • Moreover, as Ra D P = (0) for every P such
 that P Ç Qi where p £ P and every a G ii, we have Ri fl P = (0)
 for all such P as well. It follows that Ri is a pin-subring. Note also
 that, because pTC'Ra = pRa for each a G iî, we have pTHR' = pR' .
 Furthermore, notice that if I is a finitely generated ideal of Ro and
 c G IT fl Rq , then (/, c) = 7(a) for some a € Ū with 7(a) < a. It
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 follows from the construction that c G IRa Ç IRi- Thus ITCiRo Ç I Ri
 for every finitely generated ideal I of Ro.

 Following this same pattern, build a pin-subring R2 of T such that
 pT fi R2 = pR2 , Ç fí2 Ç T and IT D R' Ç IR2 for every finitely
 generated ideal I of R' . Continue to form a chain Rq Ç R1 C Ç • • •
 of pin-subrings of T such that /T D Rn Ç JÄn+i for every finitely
 generated ideal I of Rn. Also, |i?n| = sup(No> 'R')-

 We now claim that S = U?ì1Ri €is the desired pin-subring. To see
 this, first note that S is indeed a pin-subring and that R Ç S Ç T.
 Now set I = (2/1, 2/25 • • • ? Vk)S, and let c G iTfl 5. Then there exists an
 Ne N such that c, 2/1, . . . ,3/* G Thus c G (2/1, . . . , 2/fe)^ H Ä7V Ç
 (y ii - • • Ç -^5- Prom this it follows that IT fi S = /, so the
 fourth condition of the Lemma holds. Note that the fourth condition

 implies pT D S = pS by setting I = pS. The cardinality condition is
 easy to check. □

 In Lemma 3.12 we construct a domain A that has the desired

 completion and so that the formal fiber of pA is semi-local.

 Lemma 3.12. Let (T,m) be a complete local ring , So the prime
 subring of T and p / 0 a regular and prime element of T. Let
 C = {Qi,Q2, - • ,Qn} be a set of incomparable nonmaximal prime
 ideals all containing p and such that either Qi D So = (0) for every i
 or Qi n So - pSo for every i. Then there exists a local domain A such
 that

 (1) p e A.

 (2) A = T.

 (3) The formal fiber of pA is semi-local with maximal ideals the
 elements of C .

 (4) If J is an ideal of T satisfying J % Qi for every i , then the map
 A^rT/J is onto.

 Proof Let ft = {u+J G T/J'J is an ideal of T with J % Qi for all i}.
 We claim that |ÎÎ| < |T|. Since T is infinite and Noetherian,
 I {J is an ideal of T with J ¿ Qi for all z}| < |T|. Now, if J is an ideal
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 of T, then 'T/J' < 'T'. It follows that |Í2| < |T|. Well order íí so that
 each element has fewer than |íí| predecessors. Let 0 denote the first
 element of Q. Define R'0 to be So[p], and let Äo simply denote R'0 lo-
 calized at Rq fi m. We claim that ño is a pin-subring. First note that if
 Qi^iSo = pSo for every z, then R'0 = So- In this case it is easy to see that
 the localization Rq is a pin-subring of T. On the other hand, suppose
 QiDSo = (0) for every i. Then we have that the first two conditions of
 the definition of pin-subring are easily satisfied. Let P be a prime ideal
 of T with P C Qi for some i and p £ P. Suppose / G So [p] D P. Then
 / = SmP m H

 so So G Qi H Sq = (0). It follows that / = p(smPm_1 H

 Since p £ P, we have smpm_1 + • • • + s' G P. Repeat this process to
 show that Sj = 0 for all j = 0, 1, 2, . . . , m. It follows that / = 0 and so
 R0 n P = (0) . Hence Ro is a countable pin-subring of T.

 Now recursively define a family of pin-subrings as follows, starting
 with Ro . Let A G ii and assume that Rß has already been defined for
 all ß < A. Then 7(A) = u + J for some ideal J of T with J <1. Qi for
 all i. If 7(A) < A, use Lemma 3.11 to obtain a pin-subring R' such
 that R-y(x) Ç R' Q T, u + J is in the image of the map R' -+T/J and
 IT fi R' = I for every finitely generated ideal I of R'. Moreover,
 this gives us I Äa I = sup(No> |ä7(a)|), Äa fi J ^ (0) if u G J and
 pT D Äa = pÄA- If 7(A) = A, define Äa = U ß<'Rß • We claim Äa
 is a pin-subring for all A G ÍŽ.

 We first show that by transfinite induction | Äa | ^ sup(N0, l-Rol, '{ß e
 ii I ß < A} I) for all A G ft. The base case is trivial. So assume A G fî
 and that for all ß < A we have 'Rß' < sup(No> |-Ro|j |{« G Ū ' k < ß}').
 If 7(A) < A, then

 I ÄA I =SUp(N0,|Ä7(A)|)

 < sup(N0,sup(N0, l-Rol» li* G I I« < 7(A)}|))
 < sup(N0, |Äo|, '{ß G Ū I ß < A}|).

 On the other hand, if 7(A) = A, then

 |äa| < E 1^1
 ß<'

 < '{ß G fi I ß < A}| sup 'Rß'
 ß<'
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 < '{ß G fi I ß < À}| sup(sup(No, |Äo|, |{« G fi | /c < ß}'))
 ß<'

 < '{ß G fi I ß < À}| sup (H0, |Äo|, '{ß G fi I ß < A}|)

 = sup (No, |fio|, '{ß G fi I ß < À}|).

 It follows that |Äa| < sup(Ho, |Äo|, '{ß G fi | ß < A}|) for all À G fi. By
 the way we well ordered fi, this implies that 'R'' < 'T' for every À G fi.
 The other conditions for pin-subring are easy to check. It follows that
 R' is a pin-subring for every À G fi.

 We claim that A = U'enR' is the desired domain. First note that
 by construction condition (4) of the lemma is satisfied. We now show
 that the completion of A is T. To do this, we use Proposition 3.8. Note
 that as each prime ideal Qi is nonmaximal in T, we have that m2 is not
 contained in any Qi. Thus, by the construction, the map A - > T/m2 is
 onto. Now let I be a finitely generated ideal of A with I = (2/1, .. . , yk)-
 Let c G IT fi A. Then (c, 2/1, . . . , yk) Ç R' for some À G fi with 7(A) <
 A. Again, by the construction, (2/1, . . . , yk)T n R' = (2/1, , Vk)R'-
 As c G (2/1, . . . ,yk)TC'R', we have that c G (2/1, . . . ,yk)R' Q I- Hence
 IT fi A = I as desired, and it follows from Proposition 3.8 that A is
 Noetherian and its completion is T.

 Now we show that the formal fiber of pA has the desired properties.
 As each R' is a pin-subring, we have R' fi P = (0) for each prime ideal
 P Ç Qi such that p £ P. Therefore, A fi P = (0) for every such P
 as well. Now let a G Qi D A for some i. Then there exists a height
 one prime ideal I of T such that a G / and I Ç Qi. If p £ /, then
 I D A = (0), and thus a = 0. Otherwise, p G /, but pT is the only
 height one prime containing p. Thus, I = pT, and a G pT fi A - pA. It
 follows that Qi fi A Ç pA. Because p G Qi fi A, we have Qi fi A = pA.

 Now, let J be an ideal of T with J % Qi for all i. By the Prime
 Avoidance theorem, we know that J U so there is an a G J
 such that a ^ Qi for all i. From this, we know that there exists a
 height one prime I Ç J C T such that a e I. Note that 0 + I G fi.
 Therefore, 7(A) = 0+ J for some A G fi with 7(A) < A. By construction,
 R' fi I (0). It follows that I D A / (0). Also, because a G / and
 a ļ Qi for all i, we have I % Qi, so I ^ pT. Note that pT is the only
 height one prime ideal of T that contains p, so p £ I. Thus If)A^ pA.
 Also, because the zero ideal is the only prime ideal in A contained in
 pA and I fi A ^ (0), it follows that I C' A % pA. There is therefore
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 an element x G A fi I with x £ pA. So, x £ pT fi A = pA. Now,
 xelOACJnA. It follows that J fi A pA. Hence, the formal fiber
 of pA is semi-local with maximal ideals the elements of C. □

 Theorem 3.13 is our main result. The previous work in this section
 has been devoted to showing sufficiency of the conditions below, so the
 majority of Theorem 3.13 demonstrates their necessity.

 Theorem 3.13. Let (T, m) be a complete local ring , So the prime
 subring of T and p ± 0 a regular and pńme element of T. Let
 C = {Qi, Qi, . . . , Qn} be a finite set of incomparable prime ideals ofT
 such that either SoCiQi = (0) for every i or So fi Qi = pSo for every
 i. Then there exists a local domain A such that A = T, p G A, and the
 formal fiber of pA is semi-local with maximal ideals the elements of C
 if and only if the following conditions are satisfied.

 (1) p G Qi for every i.

 (2) IfdimT = 1, then C = {m}.

 (3) 7/dimT > 1, then m £ C.

 Proof We will first show that the conditions are necessary. The first
 condition is clearly necessary. By Lemma 3.7, T is an integral domain,
 so (0) is the only height zero prime ideal of T. Also, because pT ± (0)
 is a prime ideal of T, dimT ^ 0. Suppose that dimT > 1, and that
 there exists a local domain A such that A = T and the formal fiber

 of pA is semi-local with maximal ideals the elements of C. Suppose
 that m G C. Then from our assumptions m D A = pA. Because pA
 is generated by one element, it must have height less than or equal to
 one, and because pA / (0), it cannot be height zero, so pA is height
 one. Thus, m D A is height one, but the height of m fi A is equal to the
 height of m, so dimT = 1. This is a contradiction, so m jí C.

 Otherwise, suppose that dimT = 1. Because pT is generated by one
 element, it must have height less than or equal to one, and because
 pT (0), it cannot be height zero, so pT is height one. Thus m = pT.
 Because p G Qi for every and p ^ 0, no Qi can be height zero. It
 follows that C = {pT} = {m}.
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 Now we will show the sufficiency of the conditions. If dimT = 1,
 setting A = T produces the desired result. Otherwise, dimT > 1.
 Now, use Lemma 3.12 to construct the desired domain A. □

 We note here that the generic formal fiber of A is easy to describe.
 In fact, it is the set {P G SpecT | P Ç Q{ for some i and p £ P}. We
 also note that {P G SpecT | P fi A = pA} = {P G Spec T | P Ç
 Qi for some i and p G P}.

 Example 3.14. Let T = ī(7)[[x,y]', p = 7 and C = {(z, 7), (y, 7)}.
 Is there a local domain A such that 7 e A, A = T and the formal
 fiber of 7 A is semi-local with maximal ideals the elements of C? T

 is local, with maximal ideal m = {x,y, 7), and C is finite. Also note
 that the prime subring of T is Z and we have (#, 7) D Z = 7Z and
 (y, 7) fi Z = 7Z. Thus we may use Theorem 3.13. Certainly m £ C.
 There therefore exists a domain A such that A = T and the formal

 fiber of 7 A is semi-local with maximal ideals the elements of C.

 We now state the local version of Theorem 3.13.

 Corollary 3.15. Let (T, m) be a complete local ring , So the prime
 subring of T and p/0 o regular and prime element of T. Let Q be a
 prime ideal ofT such that either So HQ = (0) or So fl Q = pSo • Then
 there exists a local domain A such that A = T, p G A, and the formal
 fiber of p A is local with maximal ideal Q if and only if p G Q and either
 Q m or T is dimension one and Q = m.

 In this paper, we have covered the cases when Qi D So = (0) for every
 i and Qi O So = pSo for every i. We note here that we do not know if
 similar kinds of results can be obtained in other cases. For example, we
 would like to prove similar theorems when p is not a prime element of
 T or when the condition that Qi fi So = (0) for every i or Qi fi So = pSo
 for every i is not satisfied.

 We now show that in a special case we can construct the ring A to
 be excellent.
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 Lemma 3.16. Let (T, m) be a complete local ring containing the
 rationals and p ^ 0 a regular and prime element of T. Let C =
 {Qi,Q2, - - i Qn} be a set of incomparable nonmaximal prime ideals
 all containing p such that Tq. and ( T/pT)q . are regular local rings for
 every i. Then there exists an excellent local domain A such that

 (1) p e A.

 (2) A = T.

 (3) The formal fiber of pA is semi-local with maximal ideals the
 elements of C .

 Proof First note that since T contains the rationals, we have that
 Qi C' So = (0) for every i. Use Lemma 3.12 to construct the domain
 A. Then we must only show that A is excellent. Note that T is a
 domain and so A is formally equidimensional. It follows that A is
 universally catenary. We have left to show that the formal fibers of A
 are geometrically regular.

 First let P be a prime ideal of A with P ^ (0) and P / pA. Define
 k(P) to be the field Ap/PAp. Now if PT Ç Q{ for some i then
 P = PT D A C Qi fi A = pA, a contradiction. So we have that
 PT % Qi for every i. By condition (4) of Lemma 3.12 we have that the
 map A - > T/PT is onto. Hence, A/P = T/PT . Now,

 T ®A k(P) * (T/PT)¿zp = (A/P)ā=p = Ap/PAp = fc(P),

 a field. Also note that if L is a finite field extension of fc(P), then we
 have that

 T ®a L = T k(P) L = k(P) ®k(P) L = L,

 also a field. It follows that the fiber over P is geometrically regular.

 Now we show that the fiber over (0) is geometrically regular. By
 construction, the maximal ideals of T <8>a k(( 0)) are the maximal
 elements of the set X = {P G SpecT | P Ç Qi for some i and p ļ P}.
 Let J be a maximal element of X. Then T fc((0)) localized at J is
 isomorphic to Tj. But since Tqí is a regular local ring for every ż, we
 have that Tj is a regular local ring. Now, since T contains the rationals,
 k(( 0)) is a field of characteristic zero. It follows that the formal fiber
 of A at (0) is geometrically regular.
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 Now let P = pA. We have by construction that T k(pA) is a semi-
 local ring with maximal ideals the elements of C. Since T k(pA) is
 isomorphic to (T/pT)A_pA we have that the ring T <S>a k(pA) localized
 at Qi for some i is isomorphic to ( T/pT)qí which is a regular local
 ring by assumption. Since T contains the rationals, k(pA) is a field
 of characteristic zero, and it follows that the formal fiber of pA is
 geometrically regular. Therefore, A is excellent as desired. □

 Example 3.17. Let T = C[[x, y, 2]], Q' = (x,y), Q2 = {x,z) and
 p = X. Then the conditions of Lemma 3.16 are satisfied so we know
 there is an excellent local domain A such that x € A, A = T and the
 formal fiber of xA is semi-local with maximal ideals Q 1 and Q 2 .
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