Parabola
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Line perpendicular to L through F = axis

Midpoint of LF = vertex
Chord passing through focus = focal chord

Chord passing through focus perpendicular
to axis = latus rectum (right chord)
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Parabola

Lemma 1: Latus rectum = 2 x distance from
focus to vertex.

Lemma 2: The parabola having directrix
y = -a and focus (0,a) has equation x? = 4ay.

Lemma 3: The parabola having axis parallel

to the y-axis and vertex (h,k) has the
equation (x-h)? = 4a(y-k).
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X=-a (0,0)
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etlects where:

31-Oct-2011 MA 341 7



31-Oct-2011 MA 341 8



tangent linel

a=p
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and p.
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orizontal, a is
same as the angle
. the green line
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makes with the x-
axis.
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angle line makes
with the x-axis

fana = m’rangen’r
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m'rangenT = &
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Reflection Properties

d
b mTangenT = d_Z:

2yﬂ:4a

dx
m _ 2a _ 2a _ 2a a
angent y q 2 Gp p

Tana 2\/g
P
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Reflection Properties

B=aso

tan p = tan a, so how do
we find the slope of

. the reflected line?

Since p = a angle that
reflected line makes
with x-axis is 2a so

m = tan(2a)
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q=2@(x-p)

Y- p-a
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Where does this
intersect the x-
axis?
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Reflection Properties
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Parabolic Reflectors

 Dark
(oncomming
drivers' eyes)

|
|

Light
(road)

Reflector (multiple mirrors)

Dispersed light
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A Newtonian Reflector

Incoming
Light

K%////////////////////////////////////////////////////////M
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A line directed at one focus is
reflected to the other
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“ parabolic primary

hyperbolic secondary

prima focus

Cassegrain focus
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If B =0, then completing the square will tell us.
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9(x2 2x + 1)+ 16>(y2 + 4y + 4) 71+9+16(4)
O(x-1)2+16(y + 2)2 = 144

(x'l)z + (Y+2)2 -1

16 9
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Rotation of Axes

If B=0, then a rotation is required to remove
the xy term.

The standard rotation of axes is
X=X cosa-y sina andy = x' sina+y cosa

The equation becomes:
Ax% +Bxy + Cy? +Dx+Ey+F =0

A(X' cosa-y' sina)?+ B(x cosa-y sina)(x
sina+y cosa)+ C(x' sina+y' cosa)?+ D(xX
cosa-y sina)+E(x'sina+y cosa)+F=0
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Rotation of Axes

A((X')? cos® a - 2x'y' cos a sin a +(y') ¢ sin°a) +
B((x')? cos a sina - x'y' sin?a + x'y' cos?a + (y')?
cos a sin a) + C((x')? sin® a + 2x'y'sin a cos a + (y')?
cos®a) + D(x' cosa-y' sina) + E(x sina+y' cos
a)+F=0

(A cos?a+ B cosasina+ Csin® a)(x')? +
(B(cos 2a - sin?a) + (2C - 2A)sin a cos a) xX'y' +
(C cos?a-Bcosasina+ Asin?a)(y')? +
(Dcosa+Esina)x' + (Ecosa-Dsina)y +
F=0
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(A - C)sin 2a = B cos 2a

or cotl«a =A—-C

tan 2a =
a aA-C

31-Oct-2011 MA 341 31



Rotation of Axes

What conic section is represented by:
X%+ 4xy + 4y - 30x - 90y - 450=07?

Angle of rotation: tan 2a = B/(A-C) = -4/3
Then cos 2a = -3/5
Then

COS0[:\/1%052@:\/1+(-3/5): 1
2 2 J5

Sina:\/l—COSZa:\/l-(-S/F)): 2
2 2 J5
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Rotation of Axes

Now, from before we have:
A'=Acos?a+Bcosasina+Csina=5
B'= Bcos2a+ (C-A)sin2a=0
C'=Ccos?a-Bcosasina+ Asin2a=0
D'=Dcosa+Esina=-42 /5
E'=Ecosa-Dsina=-6/5

F'= 450

So the equation after rotation becomes:

5(x')? - 42+/5x' - 6:/By’ +450 =0
(X,_21]2:6 , 35
5) JBT 10
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Classification of Quadratics

For the general quadratic equation
Ax% +Bxy + Cy>+Dx+Ey+F =0

Define the discriminant to be B - 4AC
Theorem:

1) if B2-4AC > 0, the graph is a hyperbola;
2) if B2-4AC =0, the graph is a parabola;
3) if B2-4AC <0, the graph is an ellipse,

except for degenerate cases
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