Neutral Geometry

How much of our “geometry” does not depend on a parallel axiom? How much is independent of

this particular postulate? As you will see, a large portion of our knowledge does not depend on any
parallel postulate. This study will then help us to see the true role of a parallel postulate in

Geometry.

Alternate Interior Angles

DEFINITION : Let &£ be a set of lines in the plane. A likés transversal of £ if
0) k £, and
(i) knmz0O forall mO£.

Let £ be transversal toh andn at pointsA andB, respectively. We say that each of the angles of
intersection of¢ andm and of # andn has aransversal siden ¢ and anon-transversal sideot
contained in/ .

DerINITION : An angle of intersection ah andk and one ofi andk arealternate interior angles

if their transversal sides are opposite directed and intersecting, and if their non-transversal sides lie
on opposite sides of. Two of these angles ao®rresponding anglesif their transversal sides

have like directions and their non-transversal sides lie on the same gide of

DerINITION : If kand ¢ are lines so thak n ¢ =, we shall call these linegn-intersecting
We want to reserve the wopdrallel for later.

ALTERNATE INTERIOR ANGLE THEOREM: If two lines cut by a transversal have a pair of
congruent alternate interior angles, then the two lines are non-intersecting.

Proof: Let mandn be two lines cut by the transverdal Let the points of intersection BeandB',
respectively. Choose a poistonm on one side of , and chooseA’ [1n on the same side df as
A. Likewise, chooseC [Im on the opposite side df from A. ChooseC' [In on the same side of
¢ asC. Hence, it is on the opposite side/ofrom A’, by thePlane Separation Axiom

We are given thatlA' B BOL CBB. Assume that the linea andn are not non-intersectingg.,
they have a nonempty intersection. Let us denote this point of intersectianDys on one side
of £, so by changing the labeling, if necessary, we may assum tieston the same side éfas

C andC'. By Congruence Axiom fhere is a unique poinE OB A so thatB'E O BD. Since,
BB U BB (by Axiom C-2), we may apply the SAS Axiom to prove that

AEBB LIADBB.
From the definition of congruent triangles, it follows thabB'B JJEBB. Now, the supplement
of UDBB' is congruent to the supplement GEB' B. The supplement oflEB' B is JDB'B and
(ODB'BUOLOEBB. Therefore[JEBB is congruent to the supplementl0DBB'. Since the angles
share a side, they are themselves supplementary. TBUSN and we have shown that
{D,E} 0N or thatmn n is more that one point, a contradiction. Thuwsandn must be non-
intersecting.
Corollary: If m and n are distinct lines both perpendicular to the linethen m and n are non-
intersecting.



Proof: ¢ is the transversal tsmm andn. The alternate interior angles are right angles. By our
previous proposition all right angles are congruent, soAtlernate Interior Angle Theorem
applies. mandn are non-intersecting.

Corollary : If P is a point not orY, then the perpendicular dropped from P#as unique.
The point at which this perpendicular intersects the dines called thdoot of the perpendicular.

Corollary: If £ is any line and P is any point not @n there exists at least one line m through P
which does not intersect.

Proof: By Corollary 2 there is a unique line, throughP perpendicular to/. By previous
proposition there is a unique line, throughP perpendicular tan. By Corollary 1/ andn are
non-intersecting.

Note that while we have proved that there is a line thréugihich does not intersect, we have
not (and cannot) proved that itusique

Weak Exterior Angle Theorem

Let AABC be any triangle in the plane. This triangle gives us not just three segments, but in fact
three lines.

DEFINITION : An angle supplementary to an angle of a triangle is calleetarior angle of the
triangle. The two angles of the triangle not adjacent to this exterior angle are caliedhtite
interior angles.

EXTERIOR ANGLE THEOREM: An exterior angle of a triangle is greater than either remote interior
angle.

Proof: We shall show thatIACD> [JA. In a like manner, you can show thaACD>[1B. Then
by using the same techniques, you can prove the same for the other two exterior angles.

By trichotomy:
OA<UOACD OAOOACDQord A0 ACD

If OA=0BACUOUO ACD, then by theAlternate Interior Angle Theorerﬁﬁ and CD are non-
intersecting. This is impossible, since they both contain B.

Assume, then, thaflA>[JACD. By the definition of this ordering on angles, there exists a ray

AE betweenAB and AC so that
OCAEOOACD.

By the Crossbar Theoremﬁ intersectBC in a pointG. Again by theAlternate Interior Angle
TheoremAE andCD are non-intersecting. This is a contradiction. Thu&CD > [JA.

PropPosSITION 1: [SAA Congruencg In triangles AABC and ADEF given that AC [ DF,
OAOOD, andOB OOE, thenAABCADEF.

PrRoOPOSITION 2: Two right triangles are congruent if the hypotenuse and a leg of one are
congruent respectively to the hypotenuse and a leg of the other.

PrRoOPOSITION 3: Every segment has a unique midpoint.



Proof: Let AB be any segment in the plane, andddie any point not oB. Sucha point exists
by Axiom I-3 There exists a unique raﬁ on the opposite side oAB from P such that
OPABUO XBA by Axiom C—4 There is a unique poir® 0BX so thatAP [l BQ, by Axiom C—

1. Qs on the opposite side B from P by Homework Problem 9, Chapter 3 afsdiom B—4

Since P and Q are on opposite sides dﬂé, PQn ABz0. Let M denote this point of

intersection. ByAxiom B-2 either
ALIMUOB, MOAUB AIBIM M= Aor M= B

We want to show thatACIMOB, so let us assume:(AOMOB). Since OPABOOQBA by
construction, we have from th&lternate Interior Angle Theorerthat AP and % are non-

intersecting. IfM = A then A, P, M 0°AP and AP = AB which intersects@. We can dispose
of the caseM = B similarly.

Thus, assume thd¥l JAOB. This will mean that the Iinﬁ will intersect sideMB of AMBQ at a
point betweerM andB. Thus, byPasch's Theorent must intersect eithdvlQ or BQ. It cannot
intersect sidBQ as AP and % are non-intersecting. InP intersectdMQ then it must contain
MQ for P, Q, andM are collinear. ThusM = A which we have already shown is impossible.
Thus, we have shown th&l JACIB is not possible.

In the same manner, we can show thaiB[IM is impossible. Thus, we have thatIMB. This
means that JAMP OO0BMQ since they are vertical angles. Bwgle-Angle-Sideve have that
AAMP OABMQ. Thus, AM [0 MB andM is the midpoint oAB.

PROPOSITION 4:
0] Every angle has a unique bisector.
(i) Every segment has a unique perpendicular bisector.

ProPOSITION 5: In a triangle AABC the greater angle lies opposite the greater side and the
greater side lies opposite the greater angle; i.e.,>AB iB&hd only if(JC > [JA.

PropPosITION 6: Given AABC andAA'B C | if ABO AB and BCO B C, thenOB< OB if and
only if AC< AC.

Theorems of Continuity

Elementary Continuity Principle

We will now take up the Axioms of Continuity. We will discuss some of the different uses of the
Continuity Axioms in our work.

First, we shall need the famoisiangle Inequality It is usually proved after we have given a
measure to line segments, but that is not necessary.

PrROPOSITION 7: [Triangle Inequality] If A, B, and C are three noncollinear points, then
AC< AB+ BC, where the sum is segment addition.



Measure of Angles and Segments

To avoid some of the difficulties that we faced in the previous proofs, and to facilitate matters at a
later time, we will introduce a measure for angles and for segments.

The proof of the Theorem requires the axioms of continuity for the first time. The axioms of
continuity are not needed if one merely wants to define the addition for congruence classes of
segments and then prove the triangle inequality for these congruence classes. It is in order to prove
several of our theorems that we need the measurement of angles and segments by real numbers, and
for such measurement Archimedes's axiom is required. However, the fourth and eleventh parts of
this theorem, the proofs for which require Dedekind's axiom, are never used in proofs in the text. It
is possible to introduce coordinates without the continuity axioms, as in discussed in Appendix B of
the text.
The notationJA® will be used for the number of degreeslid\, and the length of segmeAB
will be denoted byAB.
THEOREM 1
() There is a unique way of assigning a degree measure to each angle such that the following

properties hold

(a) OA® is a real number such th& < JA°< 180 .

(b) OA°=90C if and only ifJA is a right angle

(c) DA°=0B° if and only if DAOOB.

(d) If AC is interior to[ODAB, thenJDAB° = [IDAC+[ CAB.

(e) For every real number x between 0 and 180, there exists an amglesuch that

OA°= x°.
() If OB is supplementary tQJA, thenOA°+JB° =180 .
(9) DA°>0P° if and only ifDA>0B.
(i) Given a segment Ol, called tlhmit segment.Then there is a unique way of assigning a

length AB to each segment AB such that the following properties hold:

(a) ABis a positive real number ar@l =1.

(b) AB= CD if and only if ABJ CD

(c) AOBOC if and only if AC= AB+ BC

(d) AB< CD if and only if AB< CD

(e) For every positive real number x, there exists a segment AB sucABaix.
DEFINITION : An angle A isacuteif JA°<90°, and ioobtuseif OA°>90°.
COROLLARY : The sum of the degree measures oftamyangles of a triangle is less thda80C .
This follows from the Exterior Angle Theorem and Theorem 1.
Proof: We want to show thatlA°+JB°<18C . From the Exterior Angle Theorem and Theorem 1.

A< [CBD
OA+B° <0 CBD+ B=18C

since they are supplementary angles.



COROLLARY : [Triangle Inequality] If A, B, and C are three noncollinear points, then
AC< AB+ BC.

Theorem 1 offers an easier proof of this than the one that we gave.

Saccheri-Legendre Theorem
This theorem gives us a setting for our later exploration into non-Euclidean geometry.

SACCHERI-LEGENDRE THEOREM: The sum of the degree measures of the three angles in any
triangle is less than or equal B¢
OA+0B+0C <180
Proof: Let us assume notj.e, assume that we have a triangl@ABC in which
OA°+B°+0C>18C . So there is a positive real numbeiso that
OA+0OB+C =180+ X
Let D be the midpoint oBC and letE be the unique point oAD so thatDE [0 AD. Then bySAS
ABAD [JACED. This makes
0B°=0UDCE> UOFE=0BAD.
Thus,
OA+0B°+0C = 0 BAD+ EAC+0 B+ ACB
= DE°+JEAC+(0 DCE+0 ACD)
=UE+OA+0C

So, AABC and AACE have the same angle sum, even though they need not be congruent. Note
that OBAE°+0 CAE = [0 BAC, hence

OCEA+L CAE =0 BAC.
It is impossible for both of the angldSCEA’ and OCAE’® to have angle measure greater than
L0BAC’, so at least one of the angles has angle measure greater than or égIBAG .

Therefore, there is a triangl®ACE so that the angle sum is 28& but in which one angle has
measure less than or equal3@]A°. Repeat this construction to get another triangle with angle
sum 180+x but in which one angle has measure less than or equgll&. Now there is a

positive integen so that

iﬂDA°< X,
2

by the Archimedean property of the real numbers. Thus, after a finite number of iterations of the
above construction we obtain a triangle with angle sunf+80n which one angle has measure

1
less than or equal t€2>F OA°< X.

Then the other two angles must sum to a number greater thanc@B@adicting Corollary 1 to
Theorem 1. [

COROLLARY : In AABC the sum of the degree measures of two angles is less than or equal to the
degree measure of their remote exterior angle.



The Defect of a Triangle

Since the angle sum of any triangle in neutral geometry is not more thanwie88an compute the
difference between the number 180 and the angle sum of a given triangle.

DerINITION : Thedefectof a triangleAABC is the number
defectpABC )= QA ABC)=180—(0 A+ B+ C)

In Euclidean geometry we are accustomed to having triangles whose defect is zero. Is this always
the case? The Saccheri-Legendre Theorem indicates that it may not be so. However, what we wish
to see is that thdefectiveof triangles is preserved. That is, if we have one defective triangle, then

all of the triangles are defective. By defective, we mean that the triangles have positive defect.

THEOREM : [Additivity of Defect] Let AABC be any triangle and let D be a point between A and
B. Thendefec{AABC) = defe¢d ACD + defefh BCD.
COROLLARY : defecfAABC) =0 if and only ifdefec{AACD) = defe¢ABCD)=0.

A rectangleis a quadrilateral all of whose angles are right angles. We cannot prove the existence
or non-existence of rectangles in Neutral Geometry. Nonetheless, the following result is extremely
useful.

THEOREM: If there exists a triangle of defect O, then a rectangle exists. If a rectangle exists, then
every triangle has defect O.

Let me first outline the proof in five steps.

1) Construct a right triangle having defect 0.

2) From a right triangle of defect O, construct a rectangle.

3) From one rectangle, construct arbitrarily large rectangles.

4) Prove that all right triangles have defect O.

5) If every right triangle has defect O, then every triangle has defect O.

Having outlined the proof, each of the steps is relatively straightforward.
COROLLARY : If there is a triangle with positive defect, then all triangles have positive defect.



