Preliminary Examination
in Partial Differential Equations

June 2020
Instructions

This is a three-hour examination. You are to work a total of five problems. The
exam is divided into two parts. You must do at least two problems from each
part.

Please indicate clearly on your test papers which five problems are to be graded.
You should provide complete and detailed solutions to each problem that you work.
More weight will be given to a complete solution of one problem than to solutions
of the easy bits from two different problems. Indicate clearly what theorems and
definitions you are using.



PART ONE

For the rest of the exam, the domain U in R? is assumed to be bounded, connected,
and smooth.

Problem 1. Suppose that F' € C?((0, 00)) and define u on R4\ {0} by u(z) = F(|z]).
If we have F”(r) + ©LF'(r) = 0, show that Au = 0.

Problem 2. Let V € C(U) be a nonnegative function. Consider the wave equation
u — Au+V(zju = f (t,z) € (0,00) x U

(1) u(t,z) =0 (t,x) € [0,00) x OU
u(0,2) = g(z), w(0,z) = h(z)

Show that (1) has at most one classical solution.

Problem 3. Let ¢ > 0 be a constant. Assume w is a classical solution of the equation
w—Au+cu=0 (t,z)€ (0,00) x U
(2) u =0 on oU
u(0,z) = g(x)
where g € C(U) is nonnegative. Show that there is a constant C' that only depends
on ¢ so that
u(t,z) < Ce
Hint: Let v(t, ) = e"“u(t, ). What equation does v satisfy?

Problem 4. Let Q = B(0,1) C R?, and a,b € C(£2). Suppose that u € C*(Q) solves
the equation

a(z, y)u, + b(x, y)u, = —u
in 2, and that

(3) za(x,y) +yb(z,y) >0

if (z,y) € 092. Prove that u = 0.

Hint: Show that ming v > 0 and maxgu < 0. If the extremum is attained at a
point on the boundary, use (3) to show that, at that point, a(z, y)u, + b(z, y)u, and
the normal derivative % have the same sign.



PART TWO

Problem 5.
(1) Show that there is a constant C' so that
lull 2@y < CllDul r2syllull Loss es)
for all u € C.(R3).
(2) Use a scaling argument to show that the inequality
[ull72 sy < CllDull 2@ ull Laes)

can only hold for all u € C.(R*) when ¢ = 6/5.

Problem 6.

Consider the equation
(4) —Au—i—b(x)g—i:FinU
u =0 on U

where b € L>(U) and F € H*(U).

(1) What does it mean for v € Hg(U) to be a weak solution of (4)?
(2) Show that if u is a weak solution of (4), then there is C' > 0 so that

lullm oy < CUE -1y + llull2w))

Problem 7.
Prove the following special case of the Gagliardo-Nirenberg inequality: if u €
C, (R?), then ||u||L2(R2) <C ||Du||L1(R2)

Problem 8. Suppose u € C*°(U x [0, 00)) is a solution of the heat equation u,—Au =
0 in U x (0,00) and that u(z,t) = 0 for (z,t) € OU x [0, 00).
Show that there is a constant A > 0 so that
/ u(z,t)? do < e_’\t/ u(z,0)? dt.
U U

Hint: Let ¢(t) = [, u(x,t)*dt and differentiate ¢. Recall that the Poincaré in-
equality is valid in U.



