Math 241 - Quiz 2 - Tuesday, October 4 I Version 1 I

Your name here:

1. Let f(x,y) = sinxsiny.

(a) Find Vf(x,y). (1 point)
SOLUTION:
Vf(x,y) = (cos xsiny,sin x cosy)

(b) Find all critical points of f and use the second derivative test to identify their types.
(5 points)
SOLUTION:

The system cosxsiny = 0 and sinxcosy = 0 is solved if either cosx = cosy = 0
or siny = sinx = 0. Notice that we cannot have cosx = 0 and sinx = 0 since
cos? x + sin? y = 1. We have:

_ . it
Cosx:cosy:0:>{ * 72T—|—n7r 1S any fnteget (1)
y =% +mrm misany integer

or

siny =sinx =0 = { ¥ =T nlsany integer )
y = mr mis any integer

To use the second derivative test, we compute fyy = —sinxsiny, f,y = —sinxsiny,
and fy, = cosxcosy. Call the Hessian D. We then have D = fy,fyy — (fuy)? =
(sinxsiny)? — (cos x cosy)?. In case (2) above D = —(cosxcosy)?> = —1 < 0 (re-

member we have cos?x + sin?x = 1 so if sinx = 0 then cos?x = 1). So all the
points in (2) are saddle points. In case (1) above D = (sinxsiny)?> = 1 > 0, so
we then analyze fyx = —sinxsiny for x = T +nmand y = T + ms. Notice that
sin(7t/2 4+ nm) is 1 if n is even and —1 if n is odd. This can be stated compactly by
writing sin(7t/2 +nmt) = (—1)". We have

frx(t/2+nm, /2 +mm) =sin(mw/2+ nm)cos(mw/2+ mm)
= —(-1)"(-1)"

— (_1)m+n+l

Hence fyx > 0 when m + n is odd and fyxy < 0 when m + n is even. The table below
summarizes these findings:


Bertrand Guillou


Bertrand Guillou
Version 1


Point min / max / saddle

(rt/2+nm, /2 + mm) min
with m 4+ n odd
(rt/2+nm, /24 mm) max
with m + n even
(nm, mm) saddle

For instance, if we restrict to the box —71/2 < x < /2 and —7/2 <y < /2
then we have 5 critical points: (—7/2, —7t/2) and (77/2,71/2) are both maximums,
(=m/2,7t/2) and (7t/2, —7/2) are both minimums, and (0, 0) is a saddle point.

(OVER)



2. Use the method of Lagrange multipliers to find the closest point to P = (—3,1) on the
line 4x — 3y = 5. (4 points)

SOLUTION:

Minimize D = (x + 3)% + (y — 1)?, the function measuring distance from P to (x, ), sub-
ject to the restraint ¢ = 0 where ¢ = 4x — 3y — 5. We have VD = (2(x + 3),2(y — 2)) and
Vg = (4, —3). Using the method of Lagrange multipliers we get the system of equations:

(x+3)=2A
2(y—2)=-3A

Solving for x and y in terms of A we get x = 2A — 3 and y = —3/2A + 2. Plugging these
values for x and y into 4x — 3y —5 = 0 we obtain that A = 8/5 and so x = 1/5 and
y=-7/5.



Math 241 - Quiz 2 - Tuesday, October 4 I Version 2 I

Your name here:

1. Let f(x,y) = cosxcosy.

(a) Find Vf(x,y). (1 point)
SOLUTION:
Vf(x,y) = (—sinxcosy, — cosxsiny)

(b) Find all critical points of f and use the second derivative test to identify their types.
(5 points)
SOLUTION:
The system — sin x cosy = 0 and — cos x siny = 0is solved if either cos x = cosy =0
or siny = sinx = 0. Notice that we cannot have cosx = 0 and sinx = 0 since
cos? x + sin? y = 1. We have:

_ . it
Cosx:cosy:0:>{ * 72T—|—n7r 1S any fnteget (1)
y =% +mrm misany integer

or

siny =sinx =0 = { ¥ =T nlsany integer @)
y = mr mis any integer

To use the second derivative test, we compute fyy = — cosx cosy, fy; = — cosx cosy,
and fy, = sinxsiny. Call the Hessian D. We then have D = fucfy, — (fuy)* =
(cos x cosy)? — (sinxsiny)?. In case (1) above D = —(sinxsiny)?> = —1 < 0 (re-

member we have cos? x + sin® x = 1 s0 if cos x = 0 then sin? x = 1). So all the points

in (1) are saddle points. In case (2) above D = (cosxcosy)?> = 1 > 0, so we then

analyze fyy = —cosxcosy for x = n7t and y = m7t. Notice that cos(nr) is 1 if n is
even and —1 if n is odd. This can be stated compactly by writing cos(nmt) = (—1)".
We have
frx(nm,mm) = — cos(nm)cos(mm)
= —(=D)" (="
— (_1)m+n+1

Hence fyx > 0 when m + n is odd and fyxy < 0 when m + n is even. The table below
summarizes these findings:


Bertrand Guillou


Bertrand Guillou
Version 2


Point min / max / saddle

(nm, mr) min
with m + n odd
(nm, mr)
) max
with m + n even
(/24 nm, /2 + mm) saddle

For instance, if we restrict to the box 0 < x7r and 0 < y < 71 then we have 5 critical
points: (0,0) and (7, 7r) are both maximums, (0, 7r) and (77,0) are both minimums,
and (7r/2,7/2) is a saddle point.

(OVER)



2. Use the method of Lagrange multipliers to find the closest point to P = (—3,1) on the
line 4x — 3y = —5. (4 points)

SOLUTION:

Minimize D = (x + 3)% + (y — 1)?, the function measuring distance from P to (x, ), sub-
ject to the restraint ¢ = 0 where ¢ = 4x — 3y + 5. We have VD = (2(x 4 3),2(y — 2)) and
Vg = (4, —3). Using the method of Lagrange multipliers we get the system of equations:

(x+3)=2A
2(y—2)=-3A

Solving for x and y in terms of A we get x = 2A — 3 and y = —3/2A + 2. Plugging these
values for x and y into 4x — 3y + 5 = 0 we obtain that A = 4/5 and so x = —7/5 and
y=—1/5.



Math 241 - Quiz 2 - Tuesday, October 4

Version 3
Your name here: I

1. Let f(x,y) = cosxsiny.

(a)

(b)

Find Vf(x,y). (1 point)
SOLUTION:

Vf(x,y) = (—sinxsiny, cos x cosy)

Find all critical points of f and use the second derivative test to identify their types.
(5 points)
SOLUTION:

The system —sinxsiny = 0 and cos x cosy = 0 is solved if either cosx = siny = 0
or sinx = cosy = 0. Notice that we cannot have cosx = 0 and sinx = 0 since
cos? x + sin? y = 1. We have:

_ T : ;
X = 5 +nm nisany integer

(1)

cosx:siny:0:>{

y =mm m is any integer
or
sinx =cosy=0=14 =" 7115 any integer @)
y=7m/2+mm misany integer
To use the second derivative test, we compute fyy = — cosxsiny, fy, = — cosxsiny,
and fy, = —sinxcosy. Call the Hessian D. We then have D = fy fyy — (fxy)? =
(cos xsiny)? — (sinx cosy)?. In case (1) above D = —(sinxcosy)? = —1 < 0 (re-

member we have cos? x + sin® x = 1 s0 if cos x = 0 then sin? x = 1). So all the points

in (1) are saddle points. In case (2) above D = (cos xsiny)? = 1 > 0, so we then an-
alyze fyy = —cosxsiny for x = nr and y = 7r/2 + mrt. Notice that cos(n) is 1 if n
isevenand —1if nis odd and sin(7w/2 4+ msr) is 1 if m is even and —1 if m is odd. This
can be stated compactly by writing cos(nm) = (—1)" and sin(7w/2 + mm) = (—1)™.
We have

fex(nm, m/2+mm) = — cos(nr)sin(rw/2 + mr)

— (=1 (=1)"

— (_1>m+n+1

Hence fyx > 0 when m + n is odd and fxx < 0 when m + n is even. The table below
summarizes these findings:


Bertrand Guillou


Bertrand Guillou
Version 3


Point min / max / saddle

(nm, t/2 4+ mm) min
with m 4+ n odd
(nm, /2 + mm)

; max
with m + n even
(7t/2 + nrm, mm) saddle

For instance, if we restrict to the box 0 < x7rand —7/2 <y < 71/2 then we have 5
critical points: (0, 77/2) and (7, —7t/2) are both maximums, (0, —7t/2) and (7T, 71/2)
are both minimums, and (71/2,0) is a saddle point.

(OVER)



2. Use the method of Lagrange multipliers to find the closest point to P = (—3,1) on the
line 4x — 3y = —10. (4 points)

SOLUTION:

Minimize D = (x + 3)% + (y — 1)?, the function measuring distance from P to (x, ), sub-
ject to the restraint ¢ = 0 where ¢ = 4x — 3y + 10. Wehave VD = (2(x +3),2(y — 2)) and
Vg = (4, —3). Using the method of Lagrange multipliers we get the system of equations:

(x+3)=2A
2(y—2)=-3A

Solving for x and y in terms of A we get x = 2A — 3 and y = —3/2A + 2. Plugging these
values for x and y into 4x — 3y + 10 = 0 we obtain that A = 4/5 and so x = —11/5 and
y=17/5.



