Rumors: (Investigation 1, p. 6, Patterns and Functions)
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Patterns with Squares: Area and Perimeter

(Extension 3.2 Page 51, Patterns and Functions)

Train 1: Build the first few trains, using the pattern in figure 4.13.  Find the pattern for both the perimeter and the area of the trains.
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Fig. 4.13

1. Describe the shape of each train.  

2. What is the length of a side of each square?

3. Compare the lengths of the trains with their areas and perimeters.

Teachers Note: All squares are similar.  The number by which the length of the side of the first square is multiplied to get the length of the side of the second square is called the scale factor.  Thus, between two similar squares, the perimeter and the length grow by the scale factor, and the area grows by the square of the scale factor.

Train 2:  Build the first few trains using the pattern in figure 4.14.  What are the area and perimeter?
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Fig. 4:14

Some students may notice that each train is half a rectangle (Fig. 4.17).
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Fig. 4.17

Teachers Note:  The area pattern for train 2 is also called the triangular number pattern; it is the same as the number of dots needed to form triangular patterns (Fig. 4:15)
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Fig. 4.15

The last few patterns can be combined to form a rule for finding the sum of the first n counting numbers:



1 + 2 + 3 + 4 + ( + n = n(n + 1)
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Historical background:  Karl Gauss (1777- 1855), a famous mathematician, discovered this rule at the age of eleven when his teacher asked the class to find the sum of the first 100 counting numbers.



1 + 2 + 3 + 4 + ( + 99 + 100 = 100(100 + 1)
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The Bottle Function

(Investigation 2, p. 60 Patterns and Functions)

Problem:  Investigate the relationship between the volume and the height of a bottle.


Launch:  Add the same amount of water to a 

straight-sided transparent container.  After each

 addition of water, measure the height of the 

water in the container (fig. 5.6).  Record the 

data on a graph.  
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     Number of measures

1.  What pattern do you notice in the table and in the graph?

2. Will this pattern go on forever?

3. What would the graph look like if we keep on dumping in measures?

4. What does it depend on?

5. What would happen if we used a different measure?

6. What is the slope of the line?  What does  this mean?

Extension 2.1:  Different-shaped containers

If you were to use to different straight-sided containers, one wider that the other, how would the graphs compare.
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For container A use the first graph that you completed and compare to the graph for container B.



     



      



































































     Number of measures

1. How are the graphs the same?

2. How are they different?

3. What does the height depend on?

4. What makes it grow quickly? Slowly?

Extension 2.2  Irregular-shaped containers

Repeat the proceeding bottle experiments with irregular-shaped transparent containers.

1.  What will happen as each measure is added?  Will this container fill at the same rate as the previous containers?



     



      



































































     Number of measures

2. How did your data and graph differ from those in the experiment you did with the straight-sided containers?

3. What is increasing in your experiment?

4. When is the height increasing most rapidly? Most slowly?

Extension 2.3  Determining the shape of a bottle

Sketch the shape of the bottle if the graph of the water height and the number of measures is given.
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The Function Machine

(Investigation 3, p. 67, Patterns and Functions)

Definition: A function is a rule that associates every member of one set with exactly one member in a second set.

Problem:  Determine the rule or function.

Example 1:

Input Set:


1
2
3
4
5
6

Rule or Function:

___________

Output Set:


5
7
9
11
13
15


Example 2:

Input Set:


-2
-1
0
1
2
3

Rule or Function:

___________

Output Set:


-8
-1
0
1
8
27


Example 3:

Input Set:


-3
-2
-1
0
1
2

Rule or Function:

___________

Output Set:


1
0
1
0
1
0


Example 4:

Input Set:

Rule or Function:

3x + 5  (where x is the input)

Output Set: 


8
17
5
-1
11
2


Looking toward Algebra: In algebraic notation, the functional relationship of the original problem is written as follows: If x is a member of the first set (input set) and y is a member of the second set (output set), then y = 2x + 3.  The algebraic notation for the second example is y = x3.  Other ways to write these are f(x) = 2x + 3 and f(x) = x3.  The notation f(x) is read “f of x”, or “ the function f evaluated at x.”  The input set is called the domain and the output set is called the range.  

Extension 3.1.  Using algebraic expressions to generate patterns

Suppose the input numbers come from the set of whole numbers, and the rule is x2 – 1.  What are the output numbers?
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1. Is is possible to obtain the number 143 as an output number?

2. Can we obtain 199 as an output number?

Teachers note:  Students are informally solving a quadratic equation. (143 = x2 – 1). This kind of thinking helps students to read and to make sense of symbols and gives them the kind of experiences necessary to solve algebraic statements more formally in algebra.

3. Suppose the input set is the set of odd numbers.  What does the output set look like?

4. If the input set is the set of even numbrs, whatd does the set of output numbers look like?  Can 6 be a part of the output set?

5. If the input set is the set of integers, what does the output set look like?

6. If the input set is the set of rational numbers, what does the output set look like?  When is x2 – 1 negative?
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