Is Our Coin Fair?

Carl Lee

A coin is flipped 1000 times.  If is fair, we would expect that “roughly” half the time it would come up heads.  But it is unlikely that we would get EXACTLY 500 heads.  The probability of this can be calculated with an Excel spreadsheet by typing the following formula into a cell:

=BINOMDIST(500,1000,0.5,FALSE)

· 500 is the number of heads, or successes, we are interested in

· 1000 is the number of trials.

· 0.5 is the probability of one head, or success.

· FALSE means that we are not interested in the cumulative probability of less than or equal to 500 heads, but rather the probability of exactly 500 heads.

The result in Excel is 0.02522502, or roughly 2.52%.  So even if we do not get 500 heads, we don’t want to immediately assert that our coin is not fair.

But what if we get 480 heads?  Or 450 heads?  Or 550 heads?  What would cause us to suspect that the coin is not fair—that the two outcomes (heads and tails) are not equally likely?

Again, we can use an Excel spreadsheet.  Type the following formula into a cell:

=BINOMDIST(480,1000,0.5,TRUE)

This gives the probability of the number of heads being any number from 0 through 480, under the assumption that the probability of a single head is 0.5.  The result in Excel is 0.108724147.  This means that for a fair coin there is roughly a 10.9% chance that the number of heads will be in the range 0-480.  That’s large enough that we may still decide that the coin is fair.

For 450 heads, the formula =BINOMDIST(450,1000,0.5,TRUE) yields 0.000865268.  This means for a fair coin there is a probability of only 0.0865% that we would get 450 or fewer heads—now I am willing to believe that the coin is not fair!

For 550 heads, the formula =BINOMDIST(549,1000,0.5,TRUE) yields 0.999134732.  Thus for a fair coin the probability of getting 549 or fewer heads is 0.999134732, so the probability of getting 550 or more heads is 1-0.999134732 or 0.000865268.  (This makes sense from the previous paragraph and symmetry.)  So there is a probability of 0.0865% that we would get 550 or more heads.  Again, I would believe that the coin is not fair.

On the website http://www.babycenter.com/refcap/pregnancy/childbirth/1372273.html I found the statement:  “Boys outnumbered girls among new babies, with 1,048 males for every 1,000 females. (That ratio's remained almost the same for the past 50 years.)”  So, when a birth occurs, is it reasonable to believe that having a girl is equally likely as having a boy?  This would be like throwing a coin 2048 times and getting 1000 heads.  Is such a coin fair?  My Excel spreadsheet could not compute the formula =BINOMDIST(1000,2048,0.5,TRUE).  So instead, let’s scale things down and consider 524 males for every 500 females—a total of 1024 children.  The formula =BINOMDIST(500,1024,0.5,TRUE) yields 0.236156223, so if girls and boys were equally likely, the probability of 500 or fewer girls among 1024 births is about 23.6%--sizeable enough that we may regard the outcome as plausible.

But wait!  If we scale the numbers down a bit, say 250 girls among 512 births, the formula =BINOMDIST(250,512,0.5,TRUE) yields 0.313456903, or about a 31.3% probability of 250 or fewer girls among 512 births.  Likewise, the probability DROPS when we scale the numbers UP, even though Excel can’t handle it.  There are ways to make approximations, however, which I won’t go into here, and with the huge numbers being considered over the last 50 years, the probability of having these numbers occur, assuming boys and girls are equally likely, is probably miniscule.  So I am very inclined to believe that the outcomes of having a boy and having a girl are not equally likely.

