Matrix Operations

Recall thatan m X n matrix A is a rectangular array of mn scalars arranged in m rows and n

columns:
a; ap a,; a,
Uy Gy e Gy o Oy,
A =
ai] atZ aij am
Ui Oz e i e Gy

We will also denote the m x n matrix A by
A = (aij )
Inthe case m = nwecall 4 = ( a; ) a square matrix. 1If all the entries of the m X n matrix

A are zero, we call A the zero matrix and denote itby 0,,,,. The term matrix was first used in

1850 by James Joseph Sylvester to differentiate matrices from determinants.

Example
The matrix A4 shown below is of size 3 x 2.
-2 3
A=15 -1
2 -3

We observe, for example, that a,, = 3, a,, = -1,and a;, = 2.



Definition

Suppose that 4 = (aij )and B = (bij )are both m x n matricesand o € R.

1. Wesay 4 = B ifand only if aU.:bl.j (lsism,lsjsn>.

2. The matrix sum of A and B, denoted by 4 + B, isthe m X n matrix given by
ay +by ap+by o aytb; .. oa,th,
dy +by aptby o aythy .. a4y, th,,
A+ B-= =(al.j+bij).
a;,+b, a,+b, .. aij+bij . a,+b,
am] + bm] am2 + bm2 amj + bmj amn + bmn
3. The product of the scalar ** with the matrix A4 is given by
wa; 0a, .. €4 .. 0a,
WAy Cay .. Gdy .. 04,
o« A = = ( « a; )
@a; 0ay .. &d; .. 0a,
«a, €a,, .. 0d, .. 0a,

We note that the matrix sum is defined only when the two matrices are of the same size. In this case,

matrix addition is performed by adding corresponding components of the matrices 4 and B.



Examples
| 5 1 6| [3+28-7 203)
' 3 -21 1+2 0-2 1

> (5] (23]

3 0y * O
5 1 6 6 -5 4 11 -4 10
4. + =
3 -2 1 -5 3 7 -2 1 8
S 2 8 6 2 8
. + =
6 9 2x2 6 9
4 -5 8 “129
6. 2 6 -7 +3] 0 00
-1 0 2 -3 45
4 -5 8 -3 6 27
=l 2 6 =71+l 0 0 0
-1 0 2 -9 12 15
1 1 35
= 2 6 -7

-10 12 17



Theorem

Let A, B,and Cbe m x n matricesand let o, p € R. Then

1. 4+0,,=4

2. 04-=0,,
3. A+B =B+ A4
4. (4+B)+C=4+(B+C)
S. oc(A+B)=ocA+¢xB
6. (0 +B)Ad=ad+p A
6. 14 =4
Proof of 3
ay +by ap+by, a;+by; a,, + by,
ay + by Ay by Ay + by, ay, + by,
A+ B =
a;+by  a,+b, aij+bij a;,*+ by,
am] + bm] am2+ bm2 e amj +bmj amn+ bmn
by +ay bytap by, +ay, by,
by +ay by tay by +a,, b,,
byta,; by+a, b;+a; b,,
bml +am1 bm2+am2 bmj+amj M bmn

The above is rather verbose. Alternatively, we see that

+ aln

+ a2n

+d.
am

+
amn

=B+ 4



= (by) + (a;) = B + 4.
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Problem
3 -5 )
1. Let 4 = 5 7 . Verifythat 4 + 4 + A = 3 A.
2. True or False: For any matrix 4 and any natural number »n, we have that
Y 4-na4.
k=1
Problem
Solve for X in the equation 3 X + 4 = B where
3 72 -1 1 -74 2
A = and B = .
-4 5 8 -5 -1 2 2 -3

Definition

Let 4 = (aij) be an m X n matrix and let B = (bl.j) be an »n X p matrix. Then the matrix

product of A and B, denoted by A4 B,isan m x p matrix C = (cl.j) where

¢y = 2 aikbkj'

k=1

First, we observe that the matrix product is only defined when the number of columns of the first
matrix equals the number rows of the second matrix. Second, the we see that

b
b

1j

2j

¢y = 2 aikbkj = (ail iy - ain) ’

nj



In other words, the ij ” component of the matrix product of 4 and B is the inner product of the i

th

row of A with the j” column of B.

Examples
1 1 2) {—2 4 ( 1(-2)+2(2) 1(4)+2(—2)) ) (2 0)
' 11)0 2 -2) \L1i=2+12) 1@+1-2)) o 2
) -2 4 ] (1 2) (2 0)
' 2 2)l11) (o2
. 1 4) [ 4 -8) ( 1(4) + 4(-1) 1(—8)+4(2)) . (o 0)
' 28) -1 2) \29+8C-1) 2(-8)+8@2)) |00
) 4 —8] (1 4) i ( 12 —48]
' -1 2)\2¢) |3 12
10 100)+0(3) 1(6)+0(8) 1(1)+0(-2)
. 2 3 (o 6 1 ) | -200+33) -26)+3(®) -2(1)+3(-2)
' 5 4|13 8 -2) | 50)+4(3) 5(6)+4(8) 5(1)+4(-2)
0 1 000)+1(3) 0(6)+1(8) 0(1)+1(-2)
0 6 1
|9 12 -8
|12 62 -3
3 8 -2
1 5-3Y(100 1 5 -3
6. 42 8|lo1o]|=|-42 8
1 0-3/)loo1 1 0 -3



Problem

. How many matrices commute

1 4
Find a matrix A, if possible, that commutes with the matrix ( ) 8

1 4
under matrix multiplication with ( 5 g ) ?

Example
A certain retail store sells brand X SLR 35mm cameras and DSLR digital cameras. The following

matrix on the left gives the sales of these items for three months of Januray, February, March; the

matrix on the right gives the sales price and the dealer cost of these items.

J F M 35mm DSLR
SLR 35mm 5 12 10 price | $781 $1529
DSLR 9 17 16 cost $567 $1376

We form the product (in the only order that makes sense!):

781 1529 512 10| | 17666 35365 32274
567 1376 9 17 16 15219 30196 27686

So what?!!? Well, we see that the product yields

J F M

total sales ($17,666 $35,365 $32,274)

dealer cost $15.219 $30,196 $27,686

Problem

Let 4 =

5 ) Show that 4C = BC.



Conclusion: AC = BC yet A # B. Hence, in general, cancellation is not valid for matrix

products.

Theorem
Let 4, B, and C be matrices (with sizes so that the given products below are well-defined) and let

o € R. Then

1. A(BC)=(4B)C

2 A(B+C)=4AB+A4C

3, (4 +B)C=4C+BC

4 o« (4B)=(aA4)B=24(a B)

Definition
Let A be any square matrix and let k be any positive integer. Then we define A4 * as

AAA..A (ktimes).

(The above is well-defined.)

Example
1 -5 3_ 1 -5 1 -5 1 -5
-3 2 -3 2 -3 2 -3 2
| (16 -15 1 -5
' L -9 19 -3 2
61 -110
| -66 83




03000 00900 00027 0
00300 00090 000 O 27
2. Let 4 =000 3 0. Then 42=]100009]|,A4>=]1000 0 ,
000O0S3 000O00O0 000 O
00000 00000 000 O
0 00 0 81
000O0TDO
A*=10000 0 ,andAk=05,<5 (k > 5). The matrix A4 is an example of a nilpotent
000O0OTDO
000O0OTDO
matrix.
Problem

Let A and B be two 3 x 3 matrices.
1. True or False: (A —B)(A +B) = A% - B?

2. True or False: (A + B)2 = A% + 24AB + B?

Theorem

Suppose that 4 isan m X n matrix and I, isa k x k matrix with I, = 1ifi=j
, i -0

Then

1. AI =4

2. I, 4-=4.



