Transpose

Since it is sometimes convenient to flip a matrix over its main diagonal, transforming
rows into columns and visa versa (the i" row becoming the i column and the j* column

becoming the j™ row), we make the following

Definition.
The transpose of the m x n matrix A = (a;) is the n x m matrix given by A" = C = (c;;) where ¢; =
a.
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Properties of the Transpose

In each of the following, suppose that A and B are matrices whose sizes make the operation

well-defined.

1.
2
3.
4

Proof

(A+B)'=A"+B'

(A=A
(AB)T = B'AT
(A—I)T — (AT)—I

We assume the standard notation setting A = (a;) and B = (b;)).

1. Let A + B = C where C =(c;)) so that we have ¢;; = a; + b;. Then (A +B)' =C"=(c;) =
(a; +by) = (a;) + (b= (aij)T + (bij)T =A"+B".

2. Set A" = C = (c;) with ¢; = a;. We get (AT)' =C"=(c)" = (a))" = (ay) = A.

3. We use r,; to denote the i" row of A and ¢ Aj for the j™ column of A and employ the same
notation for the rows and columns of B, simply replacing the A in the subscript with a B.
Then the i, j* entry in the product AB is the dot product r,; * ¢y; and so is the j, i®entry of
(AB)" Meanwhile, the corresponding entry in the product B'A" is the dot product of the
j" row of B" which is the j column of B, namely, ¢;, with the i" column of A" which is
the i" row of A, r,,. But since the dot product is commutative, r; * Cpj = Cp; " 'pi» and we
see that the entries of (AB)" and B'A" are equal; thus, (AB)" = B'A".

4. Finally, observe that, using the result from part 3, (AA") "= (A")"AT. But AA" =1 and,
clearly I" =1, so (A")'A" = 1. Consequently, (A™)" acts like the inverse of A" and so,
since inverses are unique, (A")"' = (A"

Definition

The matrix A is said to be symmetric provided A" = A.

From the definition it is clear that for a matrix to be symmetric, it must be square. We conclude

this section by pointing out one way of creating symmetric matrices. Given any matrix, A, the

product A"A is symmetric since (ATA)" = AT(AT) = AT A.
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