MA123, Chapter 4: Computing Some Derivatives (pp. 69-82, Gootman)

e Understand the derivative as the slope of the tangent line at a point.

‘Chapter Goals:‘

e Investigate further the notions of continuity and differentiability.

e Use the definition to calculate some derivatives.
e Use the definition to approximate some derivatives.

Assignment 06 Assignment 07

In this chapter we explore further the relation between the derivative and the equation of the tangent line at

a point. Then we learn how to compute the derivative of some functions using the definition of the derivative.
One reason for doing this is to convince you that the rules and formulas for derivatives are not magical. They
have a solid foundation and can be explained with just a little bit of effort. Learning should not just be a

matter of memorizing mysterious formulas but it should rather be a matter of understanding them.

We start by recalling the following facts that we encountered in Chapter 2:

> |Basic facts about derivatives: | The instantaneous rate of change of a function f with respect to = at

a general point z is called the derivative of f at x and is denoted with f'(z):

For a given value xq, the derivative of f at xo, namely f'(xq), gives the slope of the tangent line to the graph
of f at the point (xg, f(x0)).

Thus, the equation of the tangent line to such a point is given by the formula

v = f(w0) + f'(wo) (@ — w0).]

> ‘Tangent lines, continuity and differentiability:‘ In the following problems we practice computing

equations of tangent lines. Also, we investigate further the notions of continuity and differentiability of a

function at a point. Please refer back to Chapter 3 for the corresponding definitions.

Example 1:| The graph of a function h(x) and the coordinates of a point (zg, h(xo)) on the graphs of h are

given below. Find h/(x) by analyzing the graph.

f'(z) = 2az +b.

Y Y
A ;(‘g:“ A\ §{ e = -2 .
% e : 0} [ 0’1
Lo P\ <
t 3 B } 3 -
WL - WE) L o
In the following problems you can use the fact that the derivative of f(x) = az® + bz +c is

(See the calculation carried out in Chapter 2, Example 15.)
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Example 2:| Consider the function f(x) = 322 — 6z —10.  Write the equation of the tangent line to the

graph of f at © = —2 in the form y = mx + b, for appropriate constants m and b.

_ 2 !
7[(><)— Ixt-Cx -0 =p> 7[(’<]=O/Zc«x+b =R x+-C = Gx — G
Isﬁ Com P(A{Q 'é)’le ?Di(l'/:

7[/~r2§: 30-A) - G(R)-10=3-9+12-10 = 12412 ~10= 2410 I
So éke?oir\f on ¢he line s (-2 7&*22“2 (2,14

Q@Compdef}we slope : Liner )—ﬁ;m(;—x,\ )
a- 4 =18 (x - (-Q)
A R R A tHE Il s S1g (x4 2) 1Y

BN 1Y~ =36 + 1Y

[a= "I x = KR }
Consider the function g(z) = —32%2 472z — 6.  Write an equation of the tangent line to the
graph of g at « = 1. For which values of y; and yo does this tangent line go through the points (—1, 1)

and (4,y2)?
(x)==3xF4FIx-( :&ﬁl(x)=o?q><+,|o :&‘(‘33?(4-1: -Gx¢3

1= Compate “he Point:
Smr 3P+ 3 -6=-3() +F-(¢=-3+F-¢= 9-¢=-2
so Zhe Pomt on Zhe line 13 (I,g(l\): (l,*Z)

J N .
<% Compute “h 5‘0@&» Line: b_:ﬁ\:m(x—x,)

W\:\Cj/mji - (N +3 :*(541 _Lﬁ—(—.,?)=\/><—|)
Conclasion: jkzk[f == 9 :ﬁ'(ﬂ;ﬂ w TR = x — |

ondglt 4-3=1 :@WL ez —2= X -1 =2
IREEEEY

Example 4:| Suppose that the equation of the tangent line to the graph of the function f(z) = x4+ a
1
at £ =16 isgiven by y=ma+5. Find a and m. (Hint: You may use f'(z) = F)
x

/ L T
5|OP€=M=7[/"3: Ve 5.4 ° l? So )VY‘:_%’}

Cohjcgruenfb] Zhe Conaent line o €he graph of ot Cie, Feo) s (3=I—g><+5',
/]./affce Zhis Means € hat ,5:%)(+5_5°€5 —Fl’liouj"\ Zhe '\Domf ([@/70([@\)

Th{j i(YI’P'|~CS éhq‘(_{‘ 7[([6) Nu st ba T}'/)é)+3~:02_t5_:_—)|_
Home\/er) Eﬁfhe C)c](.‘m{;on o]f ]f one Knows <hot ][}IG)=\/J\6

°

ta =Yg
(OﬂSE'E]_LaenélsJ F = 4d+g
F-4=Y4a -4
R e
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Example 5:| Determine the x values where the derivative of the function is not defined (that is the points
where the function is not differentiable). Is the function continuous at those points?

/Uoﬁe Zhe 7[ur\c+.aﬂ s ot di eren{able at

3 @) Qno’ o? becaug& BVQPY\ hag O\\_jum
—r+1 if <=3 P
g(x) = |z| if —3<2<?2 and ShQ(P Pd‘“+5"
2246 if 2>2 af ¢hese values 0)(><
Di;(onémuous =€ X="3 Since LHL=RH L
L =L
er Q=) = ><:13’ TXH = = CR)el=34= g
hwt -
ss-3t O09= L e ‘><‘ma 3¢ K= (=3
Condinuous at X=0 GLEJ X=2
Ilm _ \m/\ = =
X »0 )= [ x1= Iolfﬁ/o] :
From ¢he E’)\’Cx?\'\ one énd biﬁ deginition 07[ 4 one seest
Secs €hot i 4= that 3(;)~ -2 = —q+( =l

X2
so i, §0)=36)

Example 6: | Determine the x values where the derivative of h(z) = |22 — 72 + 10| is not defined. Is h(z)

continuous at those points? (Hint: first draw the graph of the equation y = 22 — 7z 4 10 and then draw the

graph of the function h.) kﬁ X 3+ x1=Ix"-Fxtio] ,  Conclusion The 7[;\'\:-{ ion
X&*:"X%IO:O s woe c);;fer‘E'V\{lable_
_ AT X=2 gnd x=5 beause
)<7 - =
(x-5)(x-=0 “he graph has sharpe
X;gior of x;;; "o Poinds ot “hese x Ualues.

Howeuver, h is cowtinuous

X= 5 X=X e\/er where.
Next, we use the definition of the derlvatlve to learn how to differentiate functions of the fol owing types:
1
@ =@+aP  f@)=—  f@=Vita [@)= @+

where « is an arbitrary real number. For each type of function, the calculation of the limit has to be treated

with a different technique.

Lot f(0) = (o + 47

(a) Find constants A, B, and C such that flath) - fz)

h
(b) Show that the derivative of f is given by the expression f'(z) = 2z + 8 = 2(x + 4).

= Az + Bh+ C.

(¢) Find f'(5). Write the equation of the tangent line to the graph of f at =5 in the form y = mz + b.

st - b
|ﬁ (OrY\PleQ ]C(erh): /XJthQf) = /(K+q\ +|f\\ = /><+(I)L+02(><¥LI)‘(\Y\’\1 A:Q,B:| (‘CkX}

(o) m +Dz(x+q\v\+h M

R et W K[ 26a9) 41
(b} £exy=hm 1[(«+h] —fex \[\\am ) Ij;o?fx“ﬂ*h
oy T = Q (x4t = & (xed) b0 = =|2 (x4 | =X x4+t +h
() Fes)-2(5+9) -2(7) = Ig e -
also f(5)= (seq- 57 ) “ 5 1‘; Wf‘ji% )m\
Pont = (s Fes)= (5,9) “w= g x- 99+ Fl
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2, Example 15.

1
et 1) = s

Expanding the binomial (z + 4)? in the expression for the function f of Example 6 yields that
f(z) = 2% + 8z + 16. Hence the result f’(x) = 2x + 8 also follows from the calculation carried out in Chapter

" W

(b) —F{(K):lYi—q\o £(M\rh\} fex) - tim

&i} ;T%Sj‘ |

— . =]
S (53

%1

[

. fleth) - flz) _ A
(a) Find constants A, B, C, and D such that . G BT ChaD)
(b) Show that the derivative of f is given by the expression f’'(z) = ﬁ =—(z+3)72
i
st
¢) Find f(5). |~ (om m‘e]f(mhz
() Find f'(5) P e
x+3 | | x+h+3
() Jxrh) _7[&] _ TP XARES vy s (x=3) (4 +3)

T N30 (x43)(Gan i)
CGeabeed) T At

Let f(x)=+z—2. liE ComPu-ée 7(/><+h3: \/

= GeIOhd) _xsmoxchoy 1
Iy Cer3)(xaned)
_ -

= —I
(<+3)(x +ht3)

1 Ly
BN

r

—

(¢) Find f'(6) and f/(11).

X+h -2
h) — A
(a) Find constants A, B, C, and D such that fleth) - f@) = .
h VBz +Ch+D++x—2
1 1
b) Show that the derivative of f is given by th ion f/(z) = = (z—-2)7V2
(b) Show that the derivative of f is given by the expression f'(x) Wy 2(3: )

@) 7[(><+M Jen _
e

= XHh-2-x+T

n

(s -yaz) (fom g o)

s |

(x+h-2)-(x-2)
N (Vx+ha +Vx-=2)

(\Jxinz +Vx—=2.)

|im

(b> 7f/()<\= lim 7[()<+}\ -7 (x)
h»o h

(Cw f;éjo’;\/jﬁ _\ﬁ

‘(\(\/KH\-;&*\/;Z) B Y xna 4_\/7(:5) -

VXx+h-2 +Vx—2 |
]

|

T ke Yz

_ |
ey v

Vixto-2 +\Vx= Vx-a t\Vx=

6= IV
()= Qvira "2va  R3 [&,
_
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‘Special product formulas:| The powers of certain binomials occur so frequently that we should
memorize the following formulas. We can verify them by performing the multiplications.

If A and B are any real numbers or algebraic expressions, then:
(1.) (A+ B)?> = A2+ 2AB + B? (3.) (A+B)3=A3+34°B+3AB*+ B?
(2.) (A—B)?>=A?-2AB + B? (4.) (A—B)3= A3 -3A2B+3AB%> - B3

‘Visualizing a formula: ‘

‘Pascal’s triangle: ‘ The coefficients (without sign)

Many of the special product formulas can be seen as
geometrical facts about length, area, and volume. The
ancient Greeks always interpreted algebraic formulas in
terms of geometric figures.

of the expansion of a binomial of the form (a & b)"
can be read off the n-th row of the following ‘triangle’
named Pascal’s triangle (after Blaise Pascal, a 17th
century French mathematician and philosopher).

For example, the figure below To build the triangle, start with ‘1’ at the top, then

A+ B continue placing numbers below it in a triangular way.
_ A B Each number is simply obtained by adding the two
| numbers directly above it.
B AB | B
|
[ ] ® - ——— ——
(A+B)? |A+B i 1 n=0
A A* 1 AB | A 1|1 n=1
|
° ¢ 1({2]1 n=2
A B
1 (3 (3|1 n=23
(A+ B)?> = A? + 2AB + B?
1 6 |1 4|1 n=4
shows how the formula for the square of a binomial : : : _
(formula 1) can be interpreted as a fact about areas of :1:5 10 10 5:1: n=5

Squares and reCtangleS , ..... , ..... ...... : ...... : ...... : ......

Example 10:| Let g(x) = (z —4)3.

(a) Find constants A, B, C, D, E and F such that = Az? + Bx + C + Dxh + Eh + Fh?.

gz +h) —g(z)
h
(b) Show that the derivative of g is given by the expression ¢'(x) = 3(x — 4)? = 322 — 242 + 48.

(c¢) Find ¢'(6) and ¢'(—1). A4 B

S¢ 3 BZ ¥ 3 3 | z 3
> (gmpm{ej(wrh} = (x+h - 4) :(/qu] fh) = (x=4) % 30-4) h +3 (e d)n” + h
() gfiﬂ:;@) M*BW“OQMBK«AWMLM 3(x-9)h+ dx-a)ht 4 b3

_ K 2 (x-) 45/& hth "
[ e j = 3(c-a) t30-dn +h®

2 L
(533’@):';»« G (xrh)—a(x] =3(x"-Ix+16) +3xh-12h +h
h-o . :3X1*£qx+%§+jxh*(;ﬂr\+hz

N
‘h—fgﬁ SXZ_qu+qY+3Xh_“Qh+hL:BXQ\_‘Q({X{-({(‘*‘W
= Sx%-2ux+4% =3 [xT-gx+ 16]=3(x-4Y"
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: _ =2 fl@+h)—flx) _ A .
If f(x) = —, then - CEEICEy e Find A, B, and C.
Is“"(am’l)wfe f(&*—h) 2
Th e 3&® -4 Q2 (C<th-3)  -2(x3) +2 (x+h-3)
m/[re JQ’”W Foeh) - F 00 Gk cs @ k3 (o) (x=3) (x+h-3)
" ) o
- ;a%wtkte?%@h% | K |
I - =
W (x-3)(x+h-3) (% -3)(x+h-3)
_
P A=, B=land =3
) flea+h)—flx)  —2h(z+2)—h?
Suppose that h T hz+ht22(@+2)?
Find the slope m of the tangent line at = = 1.
Slope
ope of ¢he i FCiem) - %(. Clim RADh® w2 (- h?
éar\ﬂei\{- line. () N0 = h-o EY 2 hs0 T T\
at x=| N(eh s (142) h(3+h) (3)7
= hm _MZD\—_“W\ “H(Ch) Ui - (Cth) -(Cto)
h=o  Gh(z#h)> h20o GHE1R ho Geen)d G(3+0)2
= i: _L = zp\
G -9 Y ¥
Suppose that
J@AM =I@) g ion1 and  f(1) 4
h
Find the equa/trlon of the tangent line to the graph of y = f(z) at z = 1. %?@iﬂf = ([}J(‘(,D L/)
SlOP& 0 th
[
‘éav\\je.y’\fhﬂe 7[/(] l_(;(k 7[‘[|+h_ [ 'm-o 3[[ FAh—] = 34—0’2(0) |
at x=I
= 3+0 -1
Eﬁ},\a%gq O]C‘él'le {Gnﬂen{ line. <o jl‘af X=1¢ -3 |
j q O?(K - |> - 2
% o?(»«fl>+“i
B2
| w=Rx L]
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» | Approximating a derivative: ‘ Considering how much effort was required to compute the derivative of

a seemingly simple function like g¢(z) =+/z —2, you may think that it will be almost impossible to compute
h(z) = (22 + 17)°. In the next two chapters we will learn

G(z) =e™ or

the derivative of functions like

algebraic formulas which will help compute derivatives of lots of functions. We end this chapter by suggesting

an alternative method for finding derivatives of more complex functions: numeric approximation.

Let f(z) = (x + 7)°. Approximate f'(2). = 32 §0§
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h -0.1 -0.01 —-0.001 -0.0001 -—0.00001 0.00001 0.0001 0.001 0.01 0.1
W W L w % w  ww w
fC+R-f2) | o0 g 8 L 'UR U SR Y
h (@) 0 o =4 0 [=¥4] =4
A _Llj :‘_G" DDQ Q Q @) — (iq )
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N h © - ) . - (o} - g . <
T v - TR U R
Let g(z) = In (z). Approximate ¢'(2). = 0.5 = O_—L
h —-0.1 -0.01 -0.001 -0.0001 —0.00001 0.00001 0.0001 0.001 0.01 0.1
Q @) @) e 0 Q e Q
g2+ —g@ | T Y . k : > 00
5 o g o C -0 jjl :g 0
— o
W@tk -m@E| o » - S S 5 o 9« 5 *
N h
Let f(x) = 3. Approximate f'(1).%= 3, 29 5 g
h -0.1 -0.01 -0.001 -0.0001 -—0.00001 0.00001 0.0001 0.001 0.01 0.1
] B S
Lo 0 9 0 : o 0L, £ ow
_3-(3" -1 no -~ > ) = o S
h + Q o =
Lot o) = 5], Approsimate /O =DAE b case LiL £RHL
h -0.1 -0.01 -0.001 -0.0001 -—0.00001 0.00001 0.0001 0.001 0.01 0.1
- - - -5 -5 . S S
90+ h) — 9(0) 5SS >
h
_ skl
h
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