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ABsTRACT. We prove that the image of the total power operation for Burnside rings A(G) —
A(G1Z5) lies inside a relatively small, combinatorial subring A(G,n) C A(G1S,). Asn varies,
the subrings A(G, n) assemble into a commutative graded ring A(G) with a universal property:
A(G) carries the universal family of power operations out of A(G). We construct character
maps for A(G,n) and give a formula for the character of the total power operation. Using
A(G), we extend the Frobenius—Wielandt homomorphism of [DSY92] to wreath products
compatibly with the total power operation. Finally, we prove a generalization of Burnside’s
orbit counting lemma that describes the transfer map A(G!X,) — A(Xn) on the subring
A(G,n).
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2 ON THE IMAGE OF THE TOTAL POWER OPERATION FOR BURNSIDE RINGS

1. INTRODUCTION

This paper explores consequences of the isomorphism of G X,,-sets
(G/H)*" = (G13,)/(H1Xn),
which gives great control over the total power operation for the Burnside ring of G
P,: A(G) = A(G 1 %,).

The total power operation sends the isomorphism class of a finite G-set X to the isomorphism
class of the G1X,,-set X*™. The smallest additive summand of A(G1X,,) generated by elements
of the canonical basis and containing the image of the total power operation is a relatively
small, combinatorial subring A(G,n) C A(G1%,). With an understanding of this combinatorial
structure, we prove that A(G) = D,.>o A(G, n) inherits a commutative graded ring structure
from the transfer product on ,, A(G%,). Additionally, we show that the construction A(@)
is functorial in the underlying abelian group of A(G). With this in hand, we

A.) Show that A(G) carries the universal family of power operations out of A(G).

B.) Describe a character map for A(G,n).

C.) Give a formula for the character of IP,,.

D.) Explicitly describe how any map of abelian groups A(H) — A(G) induces a map A(H) —

o

A(G) and give a formula for the character of this map.
This last item gives us the ability to extend the Frobenius—Wielandt map of [DSY92, Theorem
1] to the Burnside ring of the wreath product and also to give an elegant formula, in the spirit
of Burnside’s orbit counting lemma, for the transfer map A(G1%,,) = A(X,) along the quotient
G 1%, — B, after restriction to A(G,n) C A(G1E,).

To elaborate, let G be a finite group and let A(G) be the Burnside ring of G. This is a free
Z-module of rank equal to the number of isomorphism classes of transitive G-sets. The Burnside
ring admits a “character map” landing in Marks(G) = Fun(Conj(G), Z), where Conj(G) denotes
the set of conjugacy classes of subgroups of G. The character map is an isomorphism after
rationalization. The total power operation is a multiplicative map

P,: A(G) — A(G1%,)

induced by taking a G-set X to the n-fold Cartesian product X*" equipped with the usual
G X, -action.

Let A(G,n) C A(G1%,) be as defined above. It turns out that this subset of A(G?%,) can
be described in many more ways. We provide three further descriptions here.

A finite G 3,-set Y is called submissive if Y admits an equivariant embedding into X *" for
some G-set X. The coproduct and product of submissive sets are submissive. In particular, we
prove the following description of /OI(G, n):

Proposition (Proposition 3.3). The ring fi(G,n) is the Grothendieck ring of isomorphism
classes of submissive G { 3,,-sets.

The ring A(G ,n) can also be described using the integer partitions of n decorated by the set
Conj(@). Such a partition of n is a function

A: Conj(G) x Nyg = N

such that Z[H] m A[H],m +m = n. The quantity gy, counts the number of occurrences in
the partition A of the natural number m decorated by the conjugacy class [H] € Conj(G). Let
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Parts(G, n) be the set of integer partitions of n decorated by Conj(G) and Parks(G,n) be the
ring of integer valued functions on Parts(G,n).

There is a ring map 8*: Parks(G,n) — Marks(Gi3,,) induced by a canonical map 8: Conj(Gh
¥,) — Parts(G, n).

Proposition (Corollary 13.6). There is a pullback square of commutative rings

A(G,n) ——— AG1%,)

| I

Parks(G, n) LA Marks(G1%,,),

where x is the character map.

This provides A(G,n) with a character map A(G,n) — Parks(G, n) that is an isomorphism
after rationalization.

For the third description, let A be an abelian group and let R = @, -, R, be a commutative
N-graded ring. An R-valued family of power operations on A is a family of functions (Pp: A—
R,,)n>0 with the property that Py is the constant function 1, P,(0) = 0 for n > 0, and

Pu(z+y) = > Pix)P;(y).
i+j=n
Let Pops(A, R) be the set of R-valued families of power operations on A. This assignment is
functorial in both A and R. As a functor of R, it is corepresentable by a commutative graded
ring Pow(A). Using these functors, we produce the following isomorphism:

Proposition (Corollary 6.7). There is a canonical isomorphism Pow(A(G)) = 6, A(G,n) of
commutative graded rings.

To explain this isomorphism further, recall that the direct sum of abelian group A(G1X) =
P, A(G1%,,) acquires a commutative graded ring structure induced by the “transfer multipli-
cation”

X*xY = (Glzn) X@Z; xS (X X Y)
fori+j=mn, X a G1X;-set, and Y a G X;-set. The family of power operations (P,,: A(G) —
A(G1X,))n>0 gives rise to a map of commutative graded rings Pow(A(G)) — A(G1X). This
map is injective with image A(G) = D, A(G,n).

Similarly, one can consider RU(GX) = @, RU(G 1 %,). In this case, work of Zelevensky
[Zel81] can be used to show that the family of power operations (P,: RU(G) — RU(G1%,))
gives rise to an isomorphism of commutative graded rings Pow(RU(G)) = RU(G1Y).

A map of abelian groups F': A(H) — A(G) induces a map

F: A(H,n) = Pow(A(H)), — Pow(A(G)), = A(G,n).

Rationalization induces a linear map Q ® F': Marks(H, Q) — Marks(G, Q) using the character
isomorphism Q ® A(G) = Marks(G,Q), where Marks(G,Q) denotes Q ® Marks(G). Simi-
larly, rationalization induces a linear map Q ® F: Parks(H,n,Q) — Parks(G,n,Q), where
Parks(G, n, Q) denotes Q ® Parks(G,n).

Theorem (Theorem 14.2). Let F: A(H) — A(G) be a map of abelian groups, let M be the
matrix representing Q ® F': Marks(H,Q) — Marks(G,Q) in the bases consisting of conju-
gacy classes of subgroups, and let M be the matrix representing Q ® F': Parks(H,n,Q) —
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Parks(G, n,Q) in the bases consisting of decorated partitions of n. We give an explicit formula
for the coefficients of M in terms of the coefficients of M.

Note that this theorem applies to any additive map — not just to restriction and transfer
maps. Particularly interesting examples to consider are the transfer map along G — e and the
Frobenius-Wielandt map.

Let m = |G|. The Frobenius—Wielandt map is a ring homomorphism A(C,,) — A(G), where
Cy, is the cyclic group of order m. It is induced by the map Marks(C,,) — Marks(G) coming
from the function Conj(G) — Conj(C,,) sending a conjugacy class of subgroups [H] to the
unique subgroup of C,, of order |H|. Notably, the Frobenius—Wielandt map is not, in general,
induced by a group homomorphism.

Theorem 14.2 together with the map § mentioned above, allows us to extend the Frobenius—
Wielandt map to wreath products:

Proposition (Corollary 18.2). Let m = |G| and n > 0. We construct a Frobenius—Wielandt
map

Wy A(Crp 1 E5) = A(GLE,)
compatible with the usual Frobenius-Wielandt map A(C,,) — A(G) through the total power
operation.

With this in hand, we explore the relationship between power operations and work of Romero
[Rom20] that gives a group-theoretic condition under which the Frobenius-Wielandt map com-
mutes with norms.
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Braun, Sune Precht Reeh, and Tomer Schlank for helpful discussions related to this work. We
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2. BACKGROUND AND NOTATION

Most of the material in this background section can be found in [Rym77, tD79, DSY92,
Boul0]. See [BMMS86] for more on power operations.

2.1. Burnside rings. Let G be a finite group. Let Fing denote the category of finite G-sets
and let AT (G) = mFing™ denote the set of isomorphism classes of finite G-sets. We denote
the isomorphism class of a finite G-set X by [X] € AT(G). The coproduct (disjoint union) and
product of finite G-sets make AT (G) into a commutative semiring.

The Burnside ring A(G) is the Grothendieck ring of A*(G). As a Z-module, A(G) has a
canonical basis consisting of isomorphism classes of transitive finite G-sets. In this basis, the
multiplication is determined by the double coset formula

G/H x G/K = I ¢/ENK),
HgKeH\G/K

where HY denotes the conjugation ¢ ' Hg.
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2.2. Restriction and transfer. Given a group homomorphism ¢: H — G, there are functors
Res,: Fing — Fing and Tr,: Fing — Fing

respectively called restriction and transfer. Restriction is induced by restricting the G-action
on a G-set to H along ¢, and transfer is induced by sending an H-set X to the G-set G x g X.
In the literature, restriction is often called inflation when ¢ is surjective and transfer is often
called induction when ¢ is injective and deflation when ¢ is surjective.

These functors induce maps

Res,: A(G) — A(H) and Tr,: A(H) — A(G).

Restriction is a ring map and transfer is an A(G)-module map for the action of A(G) on A(H)
through the restriction map.

2.3. External products. Given a finite G-set X and a finite H-set Y, the Cartesian product
X xY is a finite G x H-set. To avoid ambiguity, we denote this operation by X XY, which we
call the external product. The external product induces a functor

X: Fing x Fing — Fingx g

and a homomorphism
X: A(G)® A(H) — A(G x H).

2.4. Wreath products. We write G %, for the wreath product, which is the semidirect
product G*™ x 3, where X, acts on G*" on the left via permutations. Explicitly, for g =
(91,--,9n) € G*™ and T € 5, we write 7g for the element in G*™ with (7g); = g,-1¢;). Then
the multiplication in G1X,, is given by (g,0)(h,7) = (goh,o7). If G acts on the left on a space
X, then G %, acts on X *™ on the left. Explicitly, we have

((gv O').T)z = gixafl(i)-

2.5. Finite sets and orders. For n € N, let [n] denote a set of size n. We identify the
symmetric group %, with the group Xp,,; = Aut([n]) of bijections of the set [n]. When i+ j = n,
any identification [;]II[j] = [n] induces an embedding ¥, x ¥; — X,,. Each of these embeddings
is conjugate, and we will only use these maps to induce operations on Burnside rings or similar
conjugacy invariant objects, so the choice of embedding is immaterial. More generally, for X
some set and functions m, f: X — N where f has finite support, we will consider embeddings
of the form

H E;{g(c:)v) < %, where n = Z f(x)m(z).

reX rzeX
Such embeddings arise from choosing any identification [] .y [f(z)] x [m(x)] = [n]. Again, all
such embeddings are conjugate, so the particular choice is immaterial. These identifications also
induce embeddings of the form

G1Y x G113, < G113, and H(Gzzm(x))xf@) — G1Y,,
zeX
each of which is conjugate to any other.
Similarly, for a set X, we will identify X *" with X[ = [}, X Any identification [¢] LT [j] =

[n] induces a bijection X*? x X*J = X X" Unfortunately, the distinction between these bijec-
tions often matters: sometimes it is necessary that the X *? factor appear ‘first.’” Accordingly,
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we implicitly choose total orders on the sets [n], and we put the lexicographic ordering on prod-
ucts and disjoint unions. In this situation, there is exactly one order preserving isomorphism
[i] 11 [§] = [n], and we use this one to induce ‘the’ bijection X *¢ x X*J = X X" Similarly, when
an arbitrary total order is selected on X, there is exactly one order preserving isomorphism

Hoex [f(@)] > [m(z)] = [n].

We use these choices to induce ‘the’ embeddings

S x %, C S, H 3 /f(@) CY¥,, G1E; xG1¥; C%,, and H (GZZm(I))xf(x) CG 1S,

m(x)
zeX rzeX

when such a particular choice is desired.

2.6. Transfer products. Let n =4+ j. Given a finite G ¥;-set X and a finite G ¢ 3j-set Y,
we will be interested in the induced G X,,-set

X+Y =Tr (X KY),

where ¢ is the embedding G %; x G1¥; € G X,. To avoid clutter, we suppress the groups
from the notation and write Tr’; for the transfer along ¢. This determines a functor

*: Finngi X FinGzzj — FinGzEn
and a homomorphism
*x: A(G1E) @ A(GLE;) - A(G E,),

which we call the transfer product.
2.7. The marks homomorphism. Let Conj(G) denote the set of conjugacy classes of sub-
groups of G. The conjugacy class of a subgroup H C G is denoted by [H]|. There is a canonical
bijection between the set Conj(G) and the set of isomorphism classes of transitive G-sets sending
the conjugacy class [H| to the isomorphism class [G/H].

For a commutative ring R, let Marks(G, R) be the ring of R-valued functions on the set

Conj(@). If R is omitted, it is assumed to be Z. This is often referred to as the “ghost ring” in
the literature. The ring Marks(G, R) has an R-linear basis given by the indicator functions

L, [H] = [K]

Lig: [K] —
i K] {0, otherwise

for [H] € Conj(Q).
The marks homomorphism, which we also call the character map, is the ring homomorphism
X = xa: A(G) — Marks(G)
that sends a G-set X to the function on Conj(G) given by cardinalities of fixed point sets
X([XD): [H] = X,
The marks homomorphism is injective and an isomorphism after rationalization. In other words,
Q®x: Q® A(G) — Q ® Marks(G) = Marks(G, Q)

is an isomorphism of commutative rings.
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2.8. Induced operations on marks. Since Res, and Tr, are additive, rationalization induces
maps

Res,,: Marks(G, Q) — Marks(H,Q) and Tr,: Marks(H,Q) — Marks(G, Q)

that fit into commutative squares

A(G) — 22 A(H) A(H) — 4 A@G)
Xa XH and XH lxo
Marks(G, Q) [ese, Marks(H, Q) Marks(G, Q) e, Marks(H, Q)

witnessing compatibility with the marks homomorphism.
Similarly, since X and x are bilinear, rationalization induces maps

X: Marks(G, Q) ® Marks(H, Q) — Marks(G x H,Q)

and

*: Marks(G %;, Q) ® Marks(G1%;,Q) — Marks(G1 X, Q)

fitting into commutative squares

AG)®AH) —— 2 A(G x H)

XG®XH\L lXCxH

Marks(G, Q) ® Marks(H, Q) LN Marks(G x H,Q)

and
AGYE) @ AGE) —————— A(G'%,)
Xcz):i®xczzji lXG‘lzn

Marks(G 1 3;, Q) ® Marks(G1%;,Q) —— Marks(G1%,,Q)

witnessing compatibility with the marks homomorphism.

2.9. Formula for restriction on marks. To give a formula for the restriction along ¢: H — G
on marks, consider the induced function

: Conj(H) — Conj(G): [K] = [p(K)].
Precomposition with this function gives the restriction:
Res,, (F)([K]) = f(e[K]) = f([p(K)])
for f € Marks(G, Q) and [K] € Conj(H). In fact, this formula defines restrictions
Res,: Marks(G, R) — Marks(H, R)

for any coefficient ring R.
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2.10. Formula for transfer on marks. The formula for the transfer map on marks is more
complicated. Along a subgroup inclusion H C G, the formula is given by

Truca(H)(K) = > F(K)
gHEG/H

for f € Marks(H) and [K] € Conj(G). This defines transfers
TI“HgGVI Marks(H, R) — 1\/[2241‘1{S(GY7 R)

for any coefficient ring R. At the other extreme, when ¢: G — e is a surjection onto the trivial
group, Burnside’s orbit counting lemma gives the beautiful formula

Trome(f)(e]) = ﬁ S £l

geG

for f € Marks(G,Q), where [(g)] denotes the conjugacy class of the cyclic subgroup generated
by g € G. Applied to x([X]) for a finite G-set X, the formula demonstrates that the number of
orbits for the G-action on X is equal to the average of the number of fixed points of X by the
elements of G. More general transfer formulas can be found in [Boul0, Chapter 5].

2.11. Formula for external product on marks. To give a formula for the external product
on marks, note that for a finite G-set X, a finite H-set Y, and a subgroup K C G x H,

(X x V)K= xmK  ymK
where the m;’s denote the projections. From this, we conclude that

(f R g)([K]) = f(m[K])g(m[K]) = f([m (K)])g([r2(K)])
for f € Marks(G,Q), g € Marks(H,Q), and [K] € Conj(G x H). In fact, this formula defines
external products
X: Marks(G, R) ® Marks(H, R) — Marks(G x H, R)

for any coefficient ring R.

2.12. Formula for the transfer product on marks. Let n = i + j. The formula for the
transfer product on marks is given by

(f*9)([H]) = > [ [H])g(m;[HD)
0(ZixX%;)ESL /(S xT;)
HCAZ; x N2,

for f € Marks(G%;,Q), g € Marks(G13;,Q), and [H] € Conj(G1%,) where ;) : Xy x Xpj) —
¥[;) denotes the projection and similarly for ;).
In fact, since this formula is integral, it defines transfer products

*: Marks(G %;, R) ® Marks(G 1 X;, R) — Marks(G1%,, R)

for any coefficient ring R.
To see the correctness of the formula, notice that
> g [H g [H]) = > F g HE g [HO)

T (ZiXT)ES, /(Zi X Ty) (3,0) (AT XA, (R, /(GIT X IT5)
HOCAE x5 HE:9) Caz xS,
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using the bijection £, /(2; x £;) = (G1%,)/(G1X; x G1X;) and that the latter expression is
exactly the composition of the formulas for the external product and for Try’ ;.

2.13. Commutative graded rings. Define
AG13) = P A(G1%,) and Marks(G1 3, R) = @) Marks(G 1 5y, R).
n>0 n>0

When R is omitted, it is assumed to be Z. The transfer product induces a commutative,
associative, and unital operation on these graded abelian groups. Thus, the transfer product
gives these objects the structure of a commutative N-graded ring (as opposed to a graded
commutative ring, which satisfies 2y = (—1)I*!I¥lyz). The unit of A(G1 %) is 1 € A(G1 %) =
A(e) = Z, and the unit of Marks(GY, R) is the indicator function 1 = 1} € Marks(G1Xo, R) =
Marks(e, R) 2 R of [e¢] € Conj(G1Xg). The graded rings A(G1X) and Marks(G1X) are connected
in the sense that the degree 0 subrings A(G 1 3g) and Marks(G 1 Xy) are isomorphic to Z.

The level-wise restriction and transfer maps along ¢: H — G are compatible with the transfer
product and therefore induce graded ring maps!

Res,: A(GUY) » A(HY) and Tr,: A(H1XE) — A(G ).
There are also graded ring maps
Res,: Marks(G 3, R) — Marks(H ! X, R) and Tr,: Marks(H ! X, R) — Marks(G X, R),

although the transfer is only defined when the coeflicients of the linear map Tryx, : Marks(H
¥, Q) —» Marks(G 1 2,,,Q) are elements of R.
Similarly, the level-wise marks homomorphisms induce a graded ring map

x: A(G 1Y) — Marks(G X),
which is an isomorphism after tensoring with Q. In other words,
Q®ex:Q® A(G1X) - Q ® Marks(G 1 ) = Marks(G1 2, Q)
is an isomorphism.

2.14. Graded monoid rings. An augmented monoid will refer to a monoid equipped with a
homomorphism into N called the size or augmentation. The augmentation of an augmented
monoid M is denoted by M — N: m +— ||m||. Given an augmented monoid M, the monoid ring
Z[M] is an N-graded ring. This produces a functor from the category of augmented monoids to
the category of N-graded rings with grading preserving maps.

2.15. Power operations. For n > 0, the total power operation
P,: AT(G) = AT (G1%,)

is defined by P, ([X]) = [X*"] for X a finite G-set. These maps are multiplicative and satisfy
an additivity relation in terms of the transfer product

Pu(X+Y)= > Pi(X)*Py(Y)= > Tof;(P:y(X) RP(Y)).
1+j=n i+j=n
1,j2>0 i,7>0

INote that this does not induce the structure of a Mackey functor on G — A(GX) as these restrictions and
transfers do not obey the double coset formula, as is easily verifiable in degree 0.
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The operation Py is the constant function 1, and P, (0) = 0 for n > 0. The total power operation
extends to a map

P,: A(G) — A(G%,)
by enforcing the above additivity relation. Specifically, P, (X —Y’) may be computed inductively
by using that

Po(X)=P,(X —Y)+Y) =P, (X —Y)+ D> Pi(X-Y)xP;(Y).
i+j=n
i>0,5>0

A closed form is given in Corollary 12.2.

2.16. The Frobenius—Wielandt map. Let G be a finite group, let m = |G|, and let C,,, be the
cyclic group of order m. The Frobenius-Wielandt map is a strange ring map A(Cy,) — A(G).
This ring map is unusual since it is not induced by restriction along a group homomorphism.
Instead, it is induced by the map

Cyc: Conj(G) — Conj(Cy,)

sending a conjugacy class [H] to the conjugacy class of the unique subgroup of C,, of order |H|.
This induces a ring map

w = Cyc*: Marks(C,,) — Marks(G).
In [DSY92], it is shown that the induced map A(C,,) — Marks(G), given by precomposing w
with the marks homomorphism, factors through A(G), providing the ring map w: A(C,,) —
A(G).

3. THE SUMMAND A(G,n) C A(G1%,)

Definition 3.1. Let A(G,n) C A(G1%,) be the summand spanned by the smallest subset of
the canonical basis whose span contains the image of the total power operation P,: A(G) —
A(G1E,).

In this paper, we give many equivalent descriptions of A(G,n). We begin with a description
of A(G,n) as a Grothendieck ring.

Definition 3.2. We say that a finite G1X,-set X is submissive if it admits a G ¥,-equivariant
injection into a G ! X,-set of the form Y *™ for some G-set Y.

The disjoint union and product of submissive G { ¥,-sets are submissive: If X; < Y;*" and
Xo < Yo" then X7 [T Xo — (Y7 11 Y5)*™ and X; x Xo < (Y7 x Y3)*", and it is clear that
the empty union () and empty product * are submissive G ! ¥,,-sets. Thus, we may consider the
Grothendieck ring of (isomorphism classes of) submissive G X,,-sets.

Any transitive Gi3J,,-subset of a submissive set is also submissive, so the category of submissive
G 1 X,-sets is generated under finite coproducts by the transitive submissive G ¥,,-sets in the
same way that the category of finite G ! ¥,,-sets is generated under finite coproducts by the
transitive G X,,-sets. Thus the Grothendieck ring of submissive G X,,-sets is freely generated
as an abelian group by the isomorphism classes of transitive submissive G{3,,-sets. In this sense,
we may consider the Grothendieck ring of submissive G ¥,,-sets as a subring of A(G1%,,).

Proposition 3.3. The Grothendieck ring of submissive G ¥,,-sets is the summand /i(G, n) C
AGrE,).
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Proof. First we show that the Grothendieck ring of submissive G13,,-sets is contained in /i(G, n).
This follows from the fact that if X < Y *™ is a submissive G X,,-set, each of the transitive
G X,-subsets of X are also subsets of Y*". Since P, ([Y]) = [Y*"] is in the image of the total
power operation, each of these transitives is in A(G,n), and thus [X] is in A(G, n).

For the other inclusion, note that if [(G1%,,)/ K] appears in the basis decomposition of P, ([Y]),
then (G1X,)/K injects into Y *™ and so (G1X,,)/K is a submissive G13,,-set. Thus, we see that
the Grothendieck ring of submissive G { ¥,,-sets contains the basis members required to express
the image of the power operation AT(G) — A(G 1 X,). Further, this is enough to express
the image of the larger power operation A(G) — A(G1X,) because each of the transitives
appearing in the basis decomposition of P, ([X] — [Y]) appear in the basis decomposition of
P, ([X]+m[Y]) for large enough m. Although the proof of this fact is too technical to appear here,
we prove it as Corollary 12.3 using the language of partitions and compositions to manipulate
the relation describing power operations applied to sums. Alternatively, one may use the graded
ring structure of Section 5 together with Corollary 6.5 to complete the proof. O

Proposition 3.4. Let ¢: H — G be a group homomorphism. Then Resy s, : A(G1X,) —
A(H 1%,,) restricts to a ring map

Res,: A(G,n) — A(H,n)
and Trys, : A(HU1X,) = A(GX,) restricts to a map of abelian groups
Tr,: A(H,n) — A(G,n).

Proof. For the restriction map, it suffices to notice that the restriction of a submissive G13,,-set
along ¢ %, is submissive. This follows from the fact that if Y is a finite G-set, then there is an
isomorphism of H ! ¥,,-sets Res s, (Y *™) = (Resy(Y))*™.

For the transfer map, let X be a submissive H ! ¥,,-set and choose an injection X < Y *™.
The proposition follows from the fact that

Gl Y, X s, X —>G1 3, Xy, Yy x"
is injective and there are isomorphisms of G ! X;,-sets
GZEn XHZETLYX”%(GXHY)X”. O

Proposition 3.5. The transfer product x: A(G1%;) ® A(G1X;) = A(G13,) restricts to a
transfer product

*: A(G,i) ® A(G, j) — A(G,n)
where n =i + j.

Proof. This follows from the fact that if X7 < ¥7*" and X5 < Y™ are submissive G ¥; and
G 1 ¥j-sets respectively, then

XX = Vi o [T v« v 2 (v )™, O
i'+j'=n

Remark 3.6. We are certainly not the first to notice that the image of the total power operation
is very small relative to the size of A(G1X,,) and also reasonably well-behaved. For instance,
this is noted in [Sch, Remark 9.3].
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4. DECORATED PARTITIONS

Partitions, i.e. formal sums of positive integers, are important in the study of symmetric
groups. In this paper, we will make use of X-decorated partitions, where X is a set. These
are sometimes called colored partitions. An X-decorated partition is a formal sum of pairs in
X x N;i. Such a pair is called a part. A part is interpreted as its integer component, called the
size of the part, ‘decorated’ by the X component. The classical theory of integer partitions is
recovered when X = x is a singleton.

We write the collection of X-decorated partitions as P(X) = N{X x N;}. We identify this
collection with finite support functions

At X XNy = Nrz,m = Ag .
The finite support function X is identified with the formal sum

A= Z Azm - (X, m)
zeX, meNg

containing A ,,-many parts of size m and decoration z. When A\ € P(x) is an integer partition,
we write A, instead of A.,,. In this situation, it is important to note that \,, denotes the
number parts of size m in the partition and not the mth formal summand (in some chosen
ordering). Decorated partitions will be generally denoted by the lowercase Greek letters &, A,
or less frequently ~, 4, .

We generalize the structure (and notation) of integer partitions to decorated partitions. For-
mal summation gives P(X) the structure of a free commutative monoid

K+ Xz, m = Kgm+ A m.

The identity of this monoid is the empty partition 0. The number of parts in a partition A is
called its length and is denoted
RED PRI
x,m

The sum of the sizes of the parts in a partition A is called its size and is denoted
A =" Agm - .
x,m

A partition of size n may also be called a partition of n. If X is finite, there are finitely many
X-decorated partitions of size n. Length and size are additive so that |k + A| = |k| + || and
llc + All = |||l + ||Al]- The size map P(X) — N gives P(X) the structure of an augmented
monoid.

We also define the factorial and multifactorial which are respectively given by

Al =[] Aam! and (A)! = [ (m1) .

The multifactorial is exponential so that (k+A))! = (k))!- (A))!, but there is no such relationship
for the factorial. Given a function f: X — Y, there is a pushforward map f.: P(X) — P(Y)
which corresponds to a fiber sum of finite support functions

feXiy,m — Z Az,m-

z€f~H(y)
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The pushforward f, preserves addition, length, size, and the multifactorial, and it preserves the
factorial when f is injective.

Of particular importance in this paper are partitions decorated by Conj(G). Recall that
Conj(G) denotes the conjugacy classes of subgroups of G.

Definition 4.1. Let Parts(G) = P(Conj(G)) denote the set of Conj(G)-decorated partitions.
The set of Conj(G)-decorated partitions of size n is denoted by Parts(G,n).

In this notation Parts(G) = [],, Parts(G,n). We identify Parts(e) with the set of integer
partitions P(x).

5. THE GRADED RINGS A(G1X) AND A(G)
Recall the commutative graded ring A(G1X) = €P,,5( A(G1X,) from Subsection 2.13.

Definition 5.1. Let Conj(G1X) = [[,,~, Conj(G1%,) denote the collection of conjugacy classes
of subgroups of G %,, as n varies.

Recall that there is a canonical bijection between the set Conj(G) and the set of isomorphism
classes of transitive G-sets. This corresponds to the canonical additive basis for A(G13), where
the conjugacy class [H] € Conj(G1%,,) corresponds to the degree n basis element [(G1%,,)/H] €
A(GE,) CAGY).

Proposition 5.2. The transfer product on A(G %) induces the structure of a commutative
augmented monoid on Conj(G X) via the embedding Conj(G1X) — A(G X). Explicitly, for
[H] € Conj(G%;) and [K] € Conj(G 1 %;),

[H] x [K] = [H x K] € Conj(G1%,),
where n =i+ jand H x K C G1E; x G1E; C G1E,. The augmentation Conj(G1X) — N is
given by [H C G1%,] — n.

Proof. The fact that this is associative, commutative, and unital follows from the fact that the
transfer product has these properties and that the unit for the transfer product is transitive. It
is also immediate that the augmentation is a homomorphism. The explicit formula follows from
the fact that
(G %) /K]« [(GE5)/J] = Tri; ([(G 5:) /K] R [(G e X5)/ J])
= Tr};([(GX; x GUyy) /(K x J)])
=[(G12,)/(K x J)]. O

Corollary 5.3. The graded ring A(G1X) is isomorphic to the graded monoid ring Z[Conj(GiX)]
where the grading is given by the augmentation as in Subsection 2.14.

We now consider an augmented monoid homomorphism Parts(G) — Conj(G 1 X). This is
easy to construct as Parts(G) is a free commutative monoid.

Definition 5.4. Let

a: Parts(G) — Conj(G1 %)
be the augmented monoid homomorphism induced by sending the generator ([H], m) € Parts(G)
to [H1E] € Conj(G1X,,). For A € Parts(G, n), let [(G1X,,)/a(N)] denote the transitive G1E,,-
set corresponding to a(\) under the canonical bijection between conjugacy classes of subgroups
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and isomorphism classes of transitive sets. Explicitly, [(G 1 X,)/a(N)] = [(G%,,)/H] for any
representative H € a(A) of the conjugacy class ().

By construction, a is augmented i.e. a()) € Conj(G1E ) for each A. Accordingly, a restricts
to maps Parts(G,n) — Conj(G1%,,). The homomorphism « has the explicit formula

a(\) = [szm]*A[H],m - H (H1%, )X/\[H

[H],m [H],m

for A € Parts(G), where [z ,,(H Yo ) AHLm C [m,m (G )M C G Yy as in
Subsection 2.5.

Notice that « is injective. This can be proved directly from the definition, but it turns out
that o admits a canonical retract. This retract is described in Section 9.

Definition 5.5. Let A(G) = D0 A(G,n). By Proposition 3.5, this is a commutative graded
subring of A(G1X).

Proposition 5.6. The total power operation takes the isomorphism class of a transitive G-set
to the isomorphism class of a transitive G X,,-set. In particular,

Pn([G/H]) = [(G/H)""] = [(G1Xn)/(H 1 5y)].
Proof. This follows from the isomorphism of G X,,-sets
(G/H)*" = (G13,)/(H1Sn). O

Proposition 5.7. The graded subring A(G) is the image of the injective map of graded rings
Z[Parts(G)] < Z[Conj(G1%)] = A(G1Y), where the degree of A € Parts(G) is ||A]|. In particular,
A(G) is canonically isomorphic to the graded monoid ring Z[Parts(G)].

Proof. Keeping in mind the isomorphism of Proposition 5.6, we see that a generator A €
Parts(G, n) of Z[Parts(G)] corresponds to the isomorphism class of transitive G X,,-sets

(58)  [(G1En)/aN)] = K (G1Sw)/(H1Sm)[P = e Py, ((G/H]) A,
[H],m [H],m

Note that the formula for the total power operation on an arbitrary sum is

(5.9) Pn<§m:Xk>: > ;Pik(Xk)'
k=1

i1t A im=n k=1
i 0

It follows that [(G1X,)/a(\)] appears as a summand in

Z Ay - [G/H]

and hence is the isomorphism class of a submissive G { X,,-set. By Proposition 3.3, this demon-
strates that the image of Z[Parts(G)] < A(G 1) is contained in A(G).

For the reverse inclusion, note that if each of the X}’s in (5.9) is taken to be an isomorphism
class of a transitive G-set, then each of the summands in the formula is of the form [(GX,,)/a())]
for some A. Thus, Z[Parts(G)] < A(G¥X) contains all the basis elements necessary for it to
contain the image of P,,: AT(G) — A(GX%,) and thus the image of P,,: A(G) — A(G13,,) by



ON THE IMAGE OF THE TOTAL POWER OPERATION FOR BURNSIDE RINGS 15

Corollary 12.3. This demonstrates that the image of Z[Parts(G)] — A(G 1) contains A(G),
which completes the proof. O

Corollary 5.10. The commutative graded ring A(G) is canonically isomorphic to the graded
monoid ring Z[Parts(G)].

Corollary 5.11. The subgroup /ol(G, n) C A(G1X,) is the subgroup generated by the isomor-
phism classes of transitive G £,,-sets of the form [(G3,)/a(\)] for A € Parts(G,n).

Corollary 5.12. The commutative graded ring A(G) is an N-graded polynomial ring with
generators [(G/H)*"| = P,([G/H]) in degree n.

Proof. This is immediate from the fact that a monoid ring on a free commutative monoid is a
polynomial ring and from the correspondence between ([H],n) € Parts(G,n) and [(G/H)*"] €
A(G,n). O

Corollary 5.13. The ring A(G) is the smallest subring of A(G!X) containing P, (A(G)) C
A(G1%,) for all n.

Proof. Use Corollary 5.12 together with the fact that containing the image of P, : AT(G) —
A(G1%,) is enough to contain the image of P,,: A(G) — A(G1%,) as in Corollary 12.3. O

Corollary 5.14. The summand A(G,n) is the smallest subgroup of A(G1X,) containing the
image of the power operation P,,: A(G) — A(G 1 X,) and the image of the transfer product
*x: A(G,1) @ A(G, j) = A(G1E,) for all i + j = n with i, > 0.

6. A UNIVERSAL FAMILY OF POWER OPERATIONS

In this section, we provide a description of A(G) = D,.~o A(G,n) as an object carrying a
universal family of power operations out of A(G).

Definition 6.1. Let (A4,4) be an abelian group and R = @nzo R,, be a commutative graded
ring. An R-valued family of power operations on A will refer to a collection of functions P,,: A —
R, for n > 0 such that Py(z) =1 for all x € A, P,(0) =0 for n > 0, and

Pu(z+y)= > Pix)P(y),
i+j=n
for all x,y € A. We denote the collection of R-valued families of power operations on A as
Pops(4, R).
This construction assembles into a functor
Pops: Ab°P? x CGrRing — Set,
where CGrRing denotes the category of commutative graded rings (maps preserve the grading).

Proposition 6.2. The functor Pops is corepresentable in the first variable. That is, there is a
functor

Pow: Ab — CGrRing

with a natural bijection
Pops(A, R) = CGrRing(Pow(A), R).
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Proof. This is best seen in terms of generators and relations. Let Pow(A) be the commutative
graded ring generated in degree n by elements of the form P, (a) for each a € A subject to the
relations Py(a) =1, P,(0) =0 for n > 0, and

Pu(z+y)= > Pix)P(y).
i+j=n
By construction, we have a natural isomorphism Pops(A, R) = CGrRing(Pow(A), R). O
Corollary 6.3. If f: A — B is a surjective homomorphism of abelian groups, the induced map
Pow(f): Pow(A) — Pow(B) is surjective.
Proof. The map Pow(f) surjects onto the generators of Pow(B) in the above description. [

Let R be a commutative graded ring and let R = I1,,0 Rn denote the completion of R

at the system of ideals R>, for n € N. We refer to R as the formal completion of R. The
formal completion R inherits a ring structure from R. The addition is component wise, and the

(rs)n, = Z TiS;.

i+j=n
i,j>0

multiplication is given by

This is motivated by identifying r € R with the infinite sum ano r5. The units of the formal

completion are exactly those r € R such that ro is a unit in Ry. The corresponding inversion
formula for elements of this form is identical to the inversion formula for formal power series. A
unit is called strict when r9 = 1. Let R® denote the group of strict units i.e. the group

ﬁsz{reﬁhozl}.

Proposition 6.4. The functor Pops(A, R) is representable in the second variable by the group
of strict units in the formal completion of R. That is, there is a natural bijection

Pops(A, R) = Ab(A, R°).

Proof. For some R-valued family of power operations on A and each a € A, the sequence
(Pn(a))n>0 € R is a strict unit. The axioms of the power operations exactly correspond to this
being a homomorphism A — R*. Thus, Pops(A4, R) = Ab(A, R®). O

Corollary 6.5. Any graded subring of A(G1X) containing the image of P,,: AT(G) — A(G13,,)
for all n automatically contains the image of image of P,,: A(G) — A(G13,,) for all n.

Proof. There is a monoid homomorphism

— S8

AT(G) = A(G1Y)  [X] = (Pr([X])nzo

and any monoid homomorphism from AT (G) to a group extends to a group homomorphism
from A(G). O

Recall from Section 4 that P(X) denotes the set of partitions decorated by X, which becomes
a free commutative monoid under formal addition of decorated partitions.

Corollary 6.6. Let X be a set and let Z{X} be the free abelian group on X. Then there are
canonical isomorphisms of commutative graded rings

Pow(Z{X}) 2 Z|(z,n) | z € X, n > 0, deg(z,n) = n] 2 Z[P(X)].
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Proof. The second isomorphism, between the polynomial ring and the monoid ring, follows from
the definition of P(X) as a free commutative monoid. For the first isomorphism, we see that
Pow(Z{X}) and the polynomial ring Z[(z, n)] have the same universal property since they both
represent functions from X into the group of strict units. Explicitly, a map f: Z[(z,n)] — R
is uniquely determined by elements f(x,n) € R,, for x € X and n > 0, which is the data of a
function X — R®. O

Corollary 6.7. There is a canonical isomorphism of commutative graded rings
Pow(A(G)) = A(G).

Proof. Proposition 5.7 shows that A(G) is canonically isomorphic to the graded monoid ring
Z[Parts(G)]. The corollary then follows immediately from Corollary 6.6 with X = Conj(G). O

Definition 6.8. Given an abelian group homomorphism F: A(H) — A(G), let
F: A(H) — AG)

denote the map induced by Corollary 6.7 and Pow(F).

7. BURNSIDE RINGS AND REPRESENTATION RINGS

Let RU(G) be the complex representation ring of G and let RU(G1X) = D,,~, RU(G1%,).
This object was thoroughly studied by Zelevinsky in [Zel81]. -

There is a commutative graded ring structure on RU(G ! %) by making use of a trans-
fer multiplication defined similarly to x. The RU(G ! X)-valued family of power operations
(P,: RU(G) — RU(G1X,))n>0 given by P,([V]) = [V®"] induces a map of commutative
graded rings Pow(RU(G)) — RU(GX). We will show that this map is an isomorphism. There
are at least two ways to do this. One is to prove results similar to Section 5, replacing the set
of isomorphism classes of transitive G-sets with the set of isomorphism classes of irreducible
G-representations. Another is to make use of the “transfer ideal.” For completeness, we will
take the second approach because it also provides another way to prove Corollary 6.7. This
result follows easily from the work of Zelevinsky, but we include a complete proof with no claim
to originality.

Let (R, *) be a commutative N-graded ring. Let I, C R,, denote the image of the sum of the
multiplication maps from lower degrees

*: @ R“X)RJ — R,.
i+j=n
3,7>0

Equivalently, let I = (R0)*? denote the square of the irrelevant ideal Ro = D, 0 R CR
and let I,, be the n-th graded piece of I.

Proposition 7.1. The canonical map of commutative graded rings
Pow(RU(G)) — RU(G1X)
is an isomorphism.

Proof. We prove this by induction on the degree.
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We have a map of exact sequences

D Pow(RU(G)); © Pow(RU(G)); —— Pow(RU(G)) —— Pow(RU(G))n /I, — 0

i+j=n
3,7>0

IR
IR

P RUG1%) @ RU(G1%;) ——— RU(G1S,) —— RU(G1%,)/I, — 0.
i+j=n
i,j>0

By induction on n, the left vertical map is an isomorphism. For the right vertical map, Corol-

lary 6.6 implies that Pow(RU(G)),, /I, = RU(G) and [Zel81, Lemma 1.7 and Section 7.2] implies

that RU(G1%,)/1, = RU(G). By construction, the right map sends P, (V) to [V®"], which is

an isomorphism. This implies that the middle map is surjective, but since both abelian groups

are free of the same rank, the middle map is an isomorphism. O

At this stage, we can give a generalization of the following well-known result [Ful97, Section
7.3]. Consider the composite of ring maps

Ale,n) = A(S,) — RU(Z,),

where RU(3,,) is the complex representation ring of ¥,, and A(%,) — RU(X,,) is the lineariza-
tion map taking a finite X,,-set to the associated permutation representation. This map turns
out to be an isomorphism. That is, the linearization map A(3,) — RU(X,,) splits as a map of
commutative rings.

The ring /Ol(e,n) has been studied by others. In particular, in [OTY16], Oda, Takegahara,
and Yoshida refer to it as the partial Burnside ring relative to the Young subgroups of the
symmetric group. In this sense, the subgroups H C G %, such that (G1X,)/H is submissive
are a generalization of the notion of a Young subgroup of ¥,, to G X,,.

Corollary 7.2. Assume the linearization map A(G) — RU(G) is surjective (resp. an isomor-
phism), then the induced map A(G,n) — RU(G1%,) is surjective (resp. an isomorphism). In
particular, the composites

Ale,n) = A(2,) — RU(Z,)
and

o

A(EQ,’I’L) — A(Eg Zzn) — RU(EQ i Zn)

are isomorphisms.

Proof. This follows immediately from Corollary 6.3 together with the fact that the linearization
maps A(e) — RU(e) and A(X2) — RU(X3) are isomorphisms. O

8. Parks(G)

We seek to produce a kind of character map for A(G) analogous to the character map A(G) —
Marks(G). In this section we construct and study the target ring.

Definition 8.1. For a finite group G and a commutative ring R, let Parks(G, R) denote the
abelian group of finite support functions Parts(G) — R. We give Parks(G, R) an N-grading
by declaring the homogeneous elements of degree n to be those functions supported on par-
titions of size n. We identify the graded pieces with the abelian groups Parks(G,n,R) =
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Fun(Parts(G,n), R) so that Parks(G,R) = €, Parks(G,n, R). When R is omitted, it is as-
sumed to be Z.

The graded ring Parks(G, R) has an R-linear basis given by the indicator functions

1, A==k
Iy: k=
0, otherwise

of homogeneous degree ||A|| for A € Parts(G).

Proposition 8.2. Define a graded multiplication : Parks(G, R) ® Parks(G, R) — Parks(G, R)
given by
w!
(From = Y L rme)
K+A=p
for u € Parts(G). This gives Parks(G, R) the structure of a commutative graded ring.
Proof. The commutativity and bilinearity of * are clear. That % is graded follows from the fact

that the size of partitions is additive. The x-unit is the indicator function of the empty partition
0 € Parts(G, 0). To see that  is associative, note that

Al
(fxlgxh)N) = St (g xR (k)
Nyl
Al !
= >0 52700 20 se@ne)
YHR=A S+e=k
Al
= > iz 9(hE)
yHdre=x 1T
and that ((f x g) = h) expands to this same expression. O

Note that the graded pieces Parks(G,n, R) are commutative rings, but this structure is not
induced by the x-product.
Next we produce a Parks(G, R)-valued family of power operations

(P, : Marks(G) — Parks(G,n))n>0.
Proposition 8.3. The maps P, : Marks(G) — Parks(G, n) given by
Po(H)N) = T f(aE] w0

[H],m

are a family of power operations.

Proof. Tt is clear that Py = 1 and that P, (0) = 0 for n > 0. Thus, it suffices to check that

Palf +9)w) = [T ((f +g)((H]) 00

[H],m

=TT ) + gy un-

[H],m

= H Z wa([g])R[H],mg([H])A[m,m

I\ |
K ! !
[H],m \K[H],m+AH],m=K[H],m (H],m>AH],m
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= Y L BB @)

K+A=p

2 LB ()P (0) (V)
B Wiy i

Z Pi(f) xP;(g). O
i+j=n
Corollary 8.4. The maps P,,: A(G) — Parks(G,n) given by

Po(X)(N) = T x(X)(m] e
[H],m

are a family of power operations.

Proof. This follows from the fact that this formula is the formula of Proposition 8.3 precomposed
with the marks homomorphism. O

We can use this family of power operations along with Proposition 6.2 to produce a map

A(G) — Parks(@).

Definition 8.5. Let

X = xa: A(G) — Parks(G)
be the map obtained by composing the isomorphism A(G) = Pow(A(G)) of Corollary 6.7 and
the map Pow(A(G)) — Parks(G) induced by Corollary 8.4 and Proposition 6.2. We call this the

character map or parks homomorphism in analogy to the terminology for the map x: A(G) —
Marks(G).

Alternatively, x: A(G) — Parks(@) is the composite of the isomorphism A(G) = Pow(A(G)),
Pow(x): Pow(A(G)) — Pow(Marks(G)), and the map Pow(Marks(G)) — Parks(G) induced by
Proposition 8.3 and Proposition 6.2.

On the polynomial generators of Corollary 5.12, the parks homomorphism is given by

x: Po([G/H)) € A(Gin) = [ A= ] x(IG/H])([K)) w1 | € Parks(G,n)
[K],m
for a subgroup H C G and n > 0.

Although the parks homomorphism and the marks homomorphism A(G) — A(G %) —
Marks(G 1 X)) are written with the same symbol, it is usually easy to distinguish them in con-
text; the marks homomorphism is evaluated at conjugacy classes of subgroups while the parks
homomorphism is evaluated at decorated partitions.

The parks homomorphism x: A(G) — Parks(G) will be studied more thoroughly in Sec-
tion 13. In particular, we will show it is closely related to the marks homomorphism x: A(G?
¥) — Marks(G X).

9. THE RETRACT f3

Recall the augmented monoid homomorphism «: Parts(G) — Conj(G ! X) as described in
Section 5. In this section, we produce an augmented monoid retract

B : Conj(G1X) — Parts(G)
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of a.
Consider a subgroup H C G %,,. Choose a set [n] of size n and identify ¥,, with the group
Y = Aut([n]) of bijections of [n] as in Subsection 2.5. For 4,j € [n], define

Hij ={g;1(g,0) € H,0: 1 j} CG.
Notice that these sets are subsets of G that satisfy compositional relations similar to that of a
groupoid:
e € H;;, ijHz‘j C H;, and Hgl = Hji.
To see the middle property, choose (g,0), (h,7) € H such that : i + j and 7: j — k. Then,
the multiplication

(h,7)(g,0) = (h7g,70)
gives us
(hT@)k = hrGr—1(k) = h1.gj-

so that H;,H;; C Hy;,. The proofs of the other two properties are similar. It follows that Hj; is
a subgroup of G.

Notice that H has a left action on [n] via the quotient G X,, - X,,. Accordingly, we write
H\[n| (read H under [n]) for the collection of orbits of [n] under the left action of H. Elements
of H\[n] are of the form Hi for i € [n]. The set H;; is nonempty if and only if Hi = Hj.

Definition 9.1. For a subgroup H C G, choose S C [n] containing a unique representative
of each orbit in H\[n| (equivalently choose a section of the quotient map [n] — H\[n]). Then,
define

B(H]) =Y ([Hal, |Hil).
i€S
Once we show that this sum is independent of the choice of S, we may write
BUH) = Y ([Hul,|Hi|) € Parts(G)
HicH\[n]

without reference to the choice S.

Proposition 9.2. The formula above is a well-defined homomorphism
B: Conj(G 1Y) — Parts(G)

of augmented monoids, and [ is a retract of a.

Proof. We begin by showing this definition is independent of the choice of S. To see this, note
that if 7 and j are in the same H-orbit, then we may choose h € H;; so that hH;;h™! = Hj;.

The fact that this definition is independent of the chosen representative H of the conjugacy
class [H] follows from the behavior of the sets H;; under conjugation by elements of H C G1%,,.
First, note the following formula for conjugation in the wreath product:

(h, 1)@ = (g,0) " (h,7)(g,0) = (7" (g ~"h7g), 0 '70).
If we write
R for o= (g ~'hrg)
then the conjugation formula is much simpler:

(h, 7)) = (R(97) 77).
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This is justified by identifying G*™ with the normal subgroup G*™ < G %, and considering
the conjugation action of G 13, on this normal subgroup. Additionally, note that

W97 = g o) Fr1 (o)

for i € [n].
With this in mind, consider (g,o) € G1X,, and compute that

H) i = {h; | ()
= {h; | (h,7) @) € H,r: i j}
={h9 | (h,7) € H,77: i > 5}

€ H9) 1w j}

= {9,y o Tr-1000y) | (h,7) € H, 72 0(i) = 0(5)}
— 570y | () € H 72 0(0) > 0(7)} ot
= 0,y Hoto (1) 3o (i)-
Now, the fact that the definition of 3 is independent of the chosen representative H of [H]|

follows from the fact that
g,o _ =—1 —
H @), = 9oy Ho(i)o(1)Io ()
and that if S is a set of orbit representatives for H\[n], then o=1(S) is a set of orbit represen-
tatives for H(@?)\[n]. Thus, we have shown that 3 is well-defined.

The fact that 3 preserves the augmentation i.e. that |3([H C G %,])|| = n follows from the

fact that
Z |Hi| = n.
HicH\[n]
To see that 3 is a monoid homomorphism, consider [H] € Conj(G1%;) and [K] € Conj(G1%;)
where n = i + j. Recall that [H] % [K] = [H x K] € Conj(G1%,,). We may choose [n] = [i] II [J]
so that (H x K)\[n] = (H\[7]) I (K\[j]). Additionally, we may recognize that

Hkg, k,e € [Z]
(Hx K)ke = Kie, k.0 € [j]
0, otherwise
for k, ¢ € [n]. Then,
B([H] * [K]) = > ([(H x K)gx], [(H x K)k|)

(Hx K)ke(Hx K)\[n]

= > (Hul [HE)+ > (K, [K0)

HkeH\[i] KLeK\[j]
= B([H]) + B([K]).

To see that 8 is a retract of «, consider some A € Parts(G,n). As described in Section 5,
a(A) is the conjugacy class

o) = sk [H1S) 2w = | T (H15,) e

[(H],m [H],m
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For the sake of this proof, let [n] be the set
H Aay,m] % [m] = {([H],m, 1, ) | [H] € Conj(G),m € Ny i€ [Au)ml,j € [m]}.
[H],m

This determines the embedding ] ,,, (G Y ) XAHm C G, as in Subsection 2.5. Let P be
the product subgroup

pP— H (H Zm)x)\[m,m C H (G2 Em)X/\[H],m ca1%,
[H],m [H],m
so that a(\) = [P]. Then, the P-orbits of [n] are the sets {([H],m,i)} x [m] C [n] for [H] €
Conj(G), m € Ny, and i € [A\jg],m] For k = ([H],m,1,j) a representative of such an orbit, the
associated subgroup Py is H. Thus, it follows that

Bla(N) = B([P]) = > ([P, | PEI)
P([H],m,i,j)€P\[n]
= Z ([H]vm) = Z )‘[H],77L'([H]7m) =,
[H],m,i [H],m
ie[A[H],nz]
where k in the first sum denotes ([H],m, i, 7). This completes the proof. O

Proposition 9.3. Given H C G X, there is a unique representative H' € a8([H]) such that
HCH'.

Note that we only rely on the existence of this representative in the remainder of the docu-
ment.

Proof. First we show existence. Let H' denote the subgroup
H' ={(g,0) € G130y | §oi) € Hi(y Vi € [n]} € G5y,

The fact that this is a subgroup follows from the groupoid-like properties satisfied by the Hj;’s,
and the fact that H C H’ follows directly from the definition of the H;;’s. It also follows that
H;; = H;j for any i,j € [n] and that the orbit H'i equals the orbit Hi for i € [n]. Accordingly
H\[n] = H\[n].

Choose a section s: H\[n] — [n] of the quotient ¢: [n] — H\[n] and choose any g € G*" C
G 13, so that g; € Hy(;);- Then, observe that

) Hooipveotn, if Hi= Hj
HY; = gj_lHijgi = Hyq(i)sq(j) = {@7 q(i)sq(i) OtherWiSG.J
Let S = sq([n]) be the collection of representatives of the orbits H\[n] determined by the section
s. It follows that

H'Y = HHiiZEHi C Gy,
i€S

where ¥ p7; denotes the symmetric group on the orbit Hi C [n] and using the embedding [ ], 4 G?
Yui € GU1E, arising from the bijection [], g Hi = [n]. This establishes that [H'] = aB([H]) =
af([H']).

To see that H' is unique, recognize that any representative H” € a3([H]) necessarily has the
form
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because H' has this form and H" is conjugate to H’. Thus, in order for H” to contain H, it must
be that H;; C H;} for all i,j € [n] and thus that H;; = H[ for all 4, j, so that H' = H". O

For completeness, we describe a few more ways to think about the map 3. Using the notation
established above, for i € S and H C G X,,, we have

Staby (i) C Stabags, (i) =2 G Z{l} x G E[n]—{z} 2GExGE 1Y,
where [n] — {i} denotes the set difference. Then H; = m;;(Staby (i)) C G is another description
of H;;, where m(;; denotes projection onto G113 = G.

The data of a Conj(G)-decorated partition of size n is equivalent to an equivalence class
of pairs (X, f: [n] - X/G), where X is a finite right G-set, X/G is the set of right orbits
whose elements are of the form zG for x € X, and f is a surjection (of sets). The associated
Conj(G)-decorated partition of size n is given by

(X, )~ > (Stabg(x)],[f " (zG))).
2GEX/G

Equivalently,
A = [{2G € X/G: |f~'(2G)| = m and [Stabg ()] = [H]}|.

To construct the (X, f) pair corresponding to S([H]) for H C G ¥,, recall that G %,, &
Autg([n] x G) where [n] X G is regarded as a right G-set by multiplication in the second factor.
Then, [n] X G is a (H, G)-biset, and the (X, f) pair corresponding to 5([H]) is

B([H]) (H\([n] < G). [n] = (n] x G)/G — H\(In] x G)/G).

Finally, note that the augmented monoid homomorphism [ induces a map of graded monoid
rings Z[Conj(G 1 ¥)] — Z[Parks(G)]. Under the identifications Z[Conj(G 1 ¥)] = A(G %) and
Z[Parks(G)] =2 A(G), this corresponds to a graded ring map r: A(G1X) — A(G).

Definition 9.4. Let r: A(G1X) — A(G) be the commutative graded ring homomorphism
defined on additive generators by

ri A(GUE) = A(G): [(GUSn)/H] = (G E,) /aB([H])] = [(GrEa)/H),
where H' € a([H]). Equivalently,
P [(GeSa)/H] o S Po((G/K]) Dm0 = e Py ((G/ Hid))-

[K],m Hie H\[n]
Corollary 9.5. The map r: A(G1X) — A(G) is a retract to the inclusion A(G) — A(G1X).

10. FIXED POINTS OF SUBMISSIVE SETS

In this section, we study the fixed point sets of G 3%,,-sets of the form X *™ for a finite G-set
X, and more generally of submissive G ! ¥,,-sets, for any subgroup H C G %,,. These fixed
point sets are closed related to the map [ of the previous section, and we continue to use the
notation of that section.

In particular, any subgroup H C G1%,, has a left action on [n] via the quotient G13,, — X,,.
Accordingly, we write H\[n] (read H under [n]) for the collection of orbits of [n] under the left
action of H. Elements of H\[n]| are of the form Hi for ¢ € [n]. Further, we make use of the
previously defined sets H;; for i,j € [n].
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As usual, [n] is the disjoint union of its H-orbits. Explicitly,
m= [ Hi
Hic€ H\[n]
We write X *H? = [LemX = X >l and Yy, for the group of bijections of the set Hi C [n)].
With this notation, there is a canonical isomorphism
[ x = x> =X""and embedding  [[ i C Sy = .
HicH\[n] Hi€H\[n]
Then, it follows that
Hc [ GiZmcGis.
Hic€H\[n]
Further, let

TH;: H GZEH¢—>GZZH]‘
Hi€H\[n]
denote projection onto the Hj factor for Hj € H\[n].
There are three main propositions that we use to characterize the fixed point sets of submissive
sets. The other interesting facts are corollaries.

Proposition 10.1. Let X be a finite G-set and H C G %,,. Then, under the notation above,
there is a bijection

(Xxn)H ~ H (XxHi)wHiH.
HieH\[n]

Proof. This follows immediately from the fact that if K is a subgroup of a product group G x H
and X and Y are G and H-sets respectively, then

(X x V)K= xmK  ymK
where 7 and o denote the projections onto G and H respectively. O
Proposition 10.2. Let X < Y *" be a submissive G X,-set and H C G X,,. Then,
xt=x"
where H’ is the unique representative of the conjugacy class aS([H]) such that H C H’ as in
Proposition 9.3.
Proof. Tt suffice to prove the claim for a submissive G X,,-set X C Y *". The idea is that,
because the elements of X are n-tuples, fixed points can be checked ‘component-wise.” That is,
X" ={ze X |(g,0)x=2V(g,0) € H}
={z € X | goyzi = T,(;) ¥(g,0) € H Vi € [n]}
={zre X |gx,=x;Vi,j€[n] Vg € H}
where the sets H;; are defined as in the previous section. From the proof of Proposition 9.3,
H;; = H;j for all 4, 5. The result follows. O
Corollary 10.3. If X is submissive and H’ is any representative of a3([H]), then X =~ X',

We say that a subgroup H C G %, is a transitive if the induced action of H on [n] is
transitive. By construction, the subgroups 7wy, H C G Xp; of Proposition 10.1 are transitive.
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Proposition 10.4. Let X be a finite G-set, H C G X, be a transitive subgroup, and i € [n].
Then, the projection m;: X*™ — X induces a bijection

(XX’I’L)H o XH“'.
Proof. As in the proof of the previous proposition,
(XOMH = {2 € X" | ga; = ax Vi, k € [n] Vg € Hyy).

With this in mind, it is clear that the projection 7;: (X*™)# — X lands in the desired fixed
points X i, To see that this is a bijection, choose g; € H;j for each j € [n], which is possible
since H is transitive. Define the inverse of the projection by x € X s y(x) € X X" where
y(z); is defined to be g;x. This lands in the H-fixed points as desired because for h € Hjy,

hy(x); = hgjx = gkglzlhgjx = grx = y(x)k,
since g,;lhgj € H;; and H;; fixes x. O

Corollary 10.5. Let X be a finite G-set and H C G 3,,. There is a bijection
(XX’I’L)H o H XH“ .
HieH\[n]
Proof. This follows from Proposition 10.1 and Proposition 10.4 together with the fact that
(ﬂ—HlH)ZZ = Hi;. U

Corollary 10.6. Let X be a finite G-set and A € Parts(G,n). Choose a representative H €
a(A). Then,
o] = T 1P,
[K],m

Proof. This follows from Corollary 10.5 and Definition 5.4 which defines a. U

11. DECORATED COMPOSITIONS

Much like it is often convenient to choose representatives of conjugacy classes of subgroups, it
is often useful to choose finer objects representing partitions. This is the notion a composition,
which refers to an indexed or ordered formal sum of integers.

Accordingly, a formal sum in X x N, indexed by a finite set I is called an I-indexed X-
decorated composition, and the collection of such compositions is denoted C(I, X) = (X x N, ).
For c € C(I,X) and i € I, the i-th pair in ¢ is denoted ¢; and is called the i-th part of c. We

denote the components of these parts as ¢; = (¢} Cn) so that ¢? denotes the decoration and cg
#

2771
denotes the integer component. If ¢ € C(I,*) is an integer composition, we may write ¢; for ¢;
since the decoration contributes no information.
There is a function
u: C(I,X) = P(X):c—uc= Zci
iel

that un-indexes a composition by taking its formal sum. Equivalently,

uc: x,me— |[{i €1|¢; = (x,m)}.

We denote the preimage under u of a partition A by C'(I, \) and we call the elements of this set
I-indexed compositions of A\. The set C(I, A) is nonempty if and only if |I| = |A|. Compositions
are generally denoted by lowercase Latin letters toward the beginning of the alphabet, but
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sometimes notation will be chosen to match corresponding partitions e.g. we may choose ¢ for
an element of C(I, \). Certain expressions involving partitions are related to certain expressions
related to compositions. In particular, if A € P(X), £ € C(I,A), and f: X x Ny — M is a
function into a commutative monoid, then

Z)\x,m : f(x,m) = Zf(gl) or H f(xvm)Aw’m = Hf(el)
or Sk f(xm) N = Je f()

x,m

(11.1)

depending on which symbol is used for the operation of M.

We extend the operations of partitions to compositions such that operations applied to com-
positions correspond to operations applied to the underlying partitions. Addition of partitions
corresponds to a concatenation map +: C(I, X) x C(J,X) — C(I 11 J, X) defined by

c, 1€1
(c+d)i = .
di, i€ J,

force C(I,X)and d € C(J,X). For J C I, there is a restriction map C(I, X) - C(J, X): c—
c|; which remembers only the i-th parts of ¢ for ¢« € J. This interacts with concatenation so
that ¢ = ¢|; + ¢|y for ¢ € C(I 11 J, X). Consequently the concatenation map is a bijection.
Concatenation of compositions corresponds to addition of partitions in the sense that u(c+d) =
uc + ud. Accordingly, for A, u € P(X), the concatenation map restricts to a map C(I,\) X
C(J,u) = C(IIJ, A+ u) but this is not usually bijection, even when the domain and codomain
are nonempty.
We define the length and size of a composition ¢ € C(I, X) by

el = 11| = Juc| and [le| = Y cf = [luc|
i

and the factorial and multifactorial by

ol = (ue)! and ((c)! = Hc§! = ((uc))!.

Given a function f: X — Y, there is a pushforward map f,.: C(I,X) — C(I,Y) which applies
f to the decorations i.e. f.c; = (f(c?),cg) This has the property that f.uc = ufic. The

pushforward along the map X — # is the un-decoration map C(I,X) — C(I,*): ¢ ~ ct.
Similarly, we denote the un-decoration map P(X) — P(*): A = A* so that

Mmoo Z)\aj’m.

When we do not care about the particular set which indexes compositions, we write C'(k, X)
for C([k], X') where k € N. Similarly, we write C'(A) for C(JA|, A) and call the elements of this set
compositions of A. Sometimes, it is useful to refer to the collection of X-decorated compositions
of any length. We denote this set by C(X) = [[, C(k,X). Concatenation gives C(X) the
structure of a monoid, using the identifications [¢]I1[j] 2 [i+ j] described in Subsection 2.5. This
monoid is not commutative when X is nonempty, but the un-indexing map is a homomorphism
u: C(X) — P(X) witnessing P(X) as the abelianization of C(X). The map u: C(X) — P(X)
is a homomorphism of augmented monoids when C'(X) is augmented by the size map (as opposed
to the augmentation ¢ € C'(k, X') — k given by the disjoint union decomposition). For ¢ € C'(X)
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and f: X x Ny — M a function into a commutative monoid, the only reasonable interpretation

of
Zf(ci) is Y fle),

i€lel]

where [|c|] is the set of size |c|, so we usually opt to elide the domains of such sums (or products
or *-products). We may identify X x N with C(1,X) so that for ¢ € C(X), z € X, and
m € N, ¢+ (z,m) denotes the composition obtained by appending the part (z,m) to the end
of c. If X = %, we write ¢ + m for the integer composition ¢ with m appended to the end.

It is often useful to choose a composition for a specific partition. Given a partition A, we
denote such an unspecified choice by ¢(\) € C(\). The particular values ¢(\); are not defined,
but regardless certain expressions in terms of them are still defined. For example, if f: X xN, —
M is any function into a commutative monoid, then

S F(E) = 3 Aain - fam) or [ £e0) = [T )
or Fe F(e):) = Fe ()

is well-defined depending on which symbol is used for the operation of M.
Notice that C'(I, X) has an action of ¥; = Aut([). For ¢ € C(I, X), we denote the associated
stabilizer by

Ye={o|oc=c} C X

Then, ¢! = |X.|. The collection C(A) is the X|y-orbit of ¢(X) € C(|A]). Accordingly, we find
that

i [EW: Eeon] = 1CN)]-

The canonical embedding X7 x ¥ 5 C ¥ 115 gives a relationship between the stabilizers: . x>g C
Yctd- This witnesses that

(c+d)!

W = [Ec+d: Ec X Zd]

As mentioned, the pushforward along a function f: X — Y does not generally preserve the
factorial, but this failure has combinatorial meaning: ¥. C ¥¢, ., and

LAl (f))!
YRR

= [E.ct Xcl.

12. EXAMPLES OF PARTITION AND COMPOSITION NOTATION

We dedicate this section to example applications of partitions and compositions. The results
in this section are either reformulations of existing results into new language or are elementary
results that can be efficiently stated in terms of partitions and compositions. We invite the
reader to use this section to internalize the notation of the previous section, as it will be heavily
used in the remainder of the paper.
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The multinomial theorem. The multinomial theorem

Yo = Y e
Uk
k=1 i1_+»~~-§ji7n:n11k ke

i1yeeeybm >0

can be expressed in terms of integer compositions. An equivalent formulation is

! n! o n!
(=) - = @l T

iel llel=n Cies llelj=n
JCI,ceC(J,%) JCI,ceC(J,*)

where 2¢ denotes the quantity [];. ; 2i*. Another equivalent formulation involves integer parti-

(Z%)": I ETID DS

iel IA]=n £eC(J,N)
AEP(x) JCI, |J|=|A]|

The quantities n!/(A)! = [|A||'/(A)! are called the multinomial coefficients and are integral. The
necessity of summing over subsets J C I is an artifact of our definition of integer compositions
having positive parts. While other choices may result in more elegant formulas, we choose this
formulation to avoid introducing too many variants of compositions and partitions.

tions:

The multinomial theorem for power operations. The notion of R-valued power operations on
A for R a commutative graded ring and A an abelian group as defined in Section 6 has three
axioms: Py(x) =1, P,(0) =0 for n > 0 and

Pu(z+y) = > Pix)P;(y).
i+j=n

From this, one can conclude a version of the multinomial theorem without the coefficients:

P, (Z ml) = Z HPci (x;) = Z P.(z) = Z Py(x),

iel lel=n  ieJ lell=n I All=n, £€C(J,\)
JCI, ceC(J,*) JCI, ceC(J,*) AEP(x), JCI, |J|=|A|

where P(x) denotes [];.; Pe, (z;). This is essentially a rewriting of (5.9) in the language of
partitions and compositions.

The proof of this formula is the same as the inductive proof of the classical multinomial
theorem. This single formula implies each of the other axioms: Py(x) = 1 follows from n = 0
and |I| =1, P,(0) = 0 for n > 0 follows from |I| = 0, and P, (z +y) = 32—, Fi(2)P;(y)
follows from |I| = 2. Thus, taking this as the only axiom provides an equivalent definition for
power operations.

Power operations of additive inverses. The language of partitions allows an elegant formula for
power operations applied to additive inverses. Let P be an R-valued family of power operations
on A. For an integer partition A € P(x) and € A, let Py(z) = [];, Pe(z)* € Ryj5. Similarly,
for an integer composition ¢ € C(x), let P.(x) =[], P.,(z) = Pyc(x). Note that this agrees with
the notation P,.(x) of the previous subsection when (z;);cs is a constant family.

Proposition 12.1.

Al
o= 30 (DNSRE.
AePff)
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Proof. This can be proved by induction. First, note that

_ Al
P, (0) = l;n( 1)AI2E N P\(z)
AI=0

because the value of the summand is 1 when A = 0, and the sum is empty of n > 0. Suppose
for the sake of induction that the formula of the proposition holds for k£ < n. Then,

Pu(0) = Pu(z —x) = Y Pi(x Pu(—z)+ Y Pi(x)Pj(-=

i+j=n i+j=n

>0

“P0+ Y P@ Y oM

i+j=n IA]|=5 A

>0 AEP(x)
:Pn(—x)—k_z Pi(z) Z (=DM Py ()

sk

- > (VIRGE

i+j ik lell=s

> c=40+1
= Pu(-2) = Y (-1 Pa)

s
—Pn - Y ()N e )

NS

The equality between the second and third lines follows by reparameterizing from partitions to
compositions. The equality between the third and fourth lines follows by rewriting in terms of the
composition ¢ = £+i. The equality between the fifth and sixth lines follows by reparameterizing
back to partitions. We find that

—7) = wA o oy A, RS
Py(—x) Pn(0)+|§n( DN Pa(a) M;n( DA )+M%( DEEPA(@)
[A[>0 [A|=0 [A[>0
= Z ( )|>\|‘il| ,\(x) 0

IAll=n.
Corollary 12.2. There is an equality

Pae-v)= Y (DN R@RW).

i+ M=n

Corollary 12.3. Any summand of A(G%,) spanned by a subset of the canonical basis and
containing the image of P,: AT(G) — A(G 1 %,) also contains the image of P,,: A(G) —
AGr%,).

Proof. This follows from the fact that each of the summands P;(z) P\ (y) appearing in the formula
for P,(x — y) is one of the summands in the expansion of P, (z + |\|y). O
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In the case of the Burnside ring (or other similar cases), the power operations P,,: A(G) —
A(G,n) are multiplicative (with the ring structure internal to A(G,n), not the transfer product)
so that P,(—X) = P,(—1)P,(X). In this case, it is only necessary to evaluate this formula to
compute P, (—1).

Corollary 12.4. The following equation holds
AN
a1 = 37 (-0 Pe, 1) = ¥ DN AL Resg [, /(0]

Transfer products. The transfer product on Parks(G, R), defined as in Proposition 8.2 by
!
(fro)m) = > “==f(K)gN),

KIA!
K+A=p

for f, g € Parks(G, R) and u € Parts(G), has an alternative description in terms of compositions.
Proposition 12.5. For f,g € Parks(G R) and p € Parks(G),
(fra)w) = > fluc(w)l)g(uc(u)],),
TuJ=[|pl]

where [|p|] is the set of size || and U denotes the internal disjoint union of subsets of [|u|]. In
particular, this sum ranges over I, J C [|u|] such that INJ =0 and TUJ = I JJ = [|u|]. More
generally, for I a finite indexing set and (f; € Parks(G));er an I-indexed family of parks,

(*fi)(ﬂ): oo T Al = > T filuc)ly-a)),

iel Wier Ji=llul] €1 g: [ull =T i€l

where the first sum ranges over all pair-wise disjoint I-indexed covers (J; C [|u|])ier of [|p]]-

Proof. The formula follows from the observation that
> Juelu = 2 [{ror =t =t e
TuJ=[|pl] KtA=p

Then, note that a choice of I U .J = [|p|] such that uc(p)|; = & and uc(p)|; = A amounts to
a choice of Ky ,-many of the i € [|p]] such that ¢(u); = (z,m) for each z and m, which is
enumerated by the binomial coefficient piy m!/kz 1! Agm!- O

Corollary 12.6. The parks homomorphism y: A(G) — Parks(G) is given by

X([(G1En)/a(N)]) (k) = > I x(G/eN; D ex)))
g: [|&|]=]IA JE[lr
\|c(n>\jlj]<i>\|[|:c‘](x>§ "

for k, A € Parts(G), where [G//c(\)?] denotes the transitive G-set corresponding to the conjugacy
class ¢(\)? € Conj(G) i.e. [G/c(N)] = [G/H] for any H € ¢()\):. Note that this formula yields 0
when x and A do not have the same size.

Proof. This follows from Proposition 12.5, (5.8), and Corollary 8.4. O

This formula can be stated more efficiently in terms of refinements of partitions, but we
will not pursue this in order to avoid inflicting even more notation related to partitions and
compositions on the reader.



32 ON THE IMAGE OF THE TOTAL POWER OPERATION FOR BURNSIDE RINGS

13. CHARACTER THEORY FOR A(G)

In this section we describe a universal property of A(G) in terms of the map 5 and the parks
homomorphism of Definition 8.5.

Recall the commutative graded ring Marks(G1¥) = @,, Marks(G %,,) from Subsection 2.13
and the map 5: Conj(G %) — Parts(G) of Definition 9.1. Precomposition with 5 induces a
map S*: Parks(G, R) — Marks(G X, R) of graded abelian groups given by

B f([H]) = f(B([H]))
for f € Parks(G, R) and [H] € Conj(G X). Since f is surjective, §* is injective.

Proposition 13.1. The map §*: Parks(G, R) — Marks(G X, R) is a homomorphism of com-
mutative graded rings.

Proof. Tt suffices to verify the claim for R = Z. It is immediate that 8* preserves the *-unit
because (e C G1%g]) is the empty partition 0. Thus, it suffices to show that 5* preserves the
transfer product. We will verify this on the graded pieces.

Consider i + j = n, f € Parks(G, 1), g € Parks(G, j), and [K] € Conj(G?%,). Then using
the transfer product formula of Subsection 2.12,

(B f x B 9)([K]) = > F(B(m (K1) g(B(m;y[K°T)).
G‘(Ei XEJ‘)GE”/Ei ij
KCARZ; xGQE;

Consider the condition K7 C G 3; x G X;. This occurs precisely when each orbit in the
quotient K7\[n] is completely contained in either [i] or [j]. Observe that the K orbits are
exactly the images under 0! of the K orbits i.e. 07! (Ka) = K°0~!(a) for a € [n]. Thus,
such a o determines a decomposition I U J = K\[n], where I = {Ka | c7}(Ka) C [i]} and
similarly for J. Note that I and J are sets of orbits. This decomposition has the property that
Y kacr | Ka| = i and similarly for J. Further, such a decomposition uniquely determines the
coset 0(X; XX ;) because any two o resulting in the same decomposition differ by a rearrangement
of the elements of [i] and [j] which does not swap elements between them.

Let k € C(Conj(G), K\[n]) be defined by kxo = ([Kaa], |Kal|). By Definition 9.1, S([K]) =
uk. Now, we seek to write S(mp;[/K?]) in terms of k. In this notation, 7;)(K?)ae = Ko(a)o(a),
and the orbit 7;(K7)a € mp(K7)\[i] is just K°a = o~ *(Ko(a)) so that the set of orbits
;) (K7)\[i] is exactly the set o~ !(I). Thus, it follows that

B(mp (K7)) = Z ([71) (K7 )aal, |7 (K7)al)

i (K7 )a€mp) (K7)\[]

- Z ([KU(G)U(CL)]’ |Ko(a)l)

ma) (K7 )a€mp) (Ko)\[4]
= > ([Kad] | Ka]) = ukl;
Kacl
and similarly that 8(7;)(K?)) = uk|;. Additionally, observe that the condition ) ..., [Ka| =i
is equivalent to ||k|;|| = ¢ and similarly for j.
Assembling these observations, we find that
BB (K = > fluklnglukls) = > flukl)g(ukls)

TUJ=K\[n] TUJ=K\[n]
Ik rll=1
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where the second equality follows from the fact that f € Parks(G,i) is only supported on
partitions of size i. Then, using Proposition 12.5, it follows that

(B°f * B g)([K]) = (f x g)(uk) = (f * 9)(B([K])) = B*(f » 9)([K]). O
Proposition 13.2. There is a pullback diagram

A(G) ——— A(G1Y)

(13.3) Xl J{X

Parks(G) LN Marks(G 1 %),
of commutative graded rings where : A(G) — Parks(G) is the map of Definition 8.5.

Proof. Let A(G) be the pullback. This may be identified with the subgroup A(G) C A(G1X)
whose characters in Marks(G ! X)) lie in the image of 5*. Since 8 has a section «, the image
of 8* is exactly the collection of f € Marks(G ! X) such that f([H]) = f(aS([H])) for each
[H] € Conj(G1X). By Corollary 10.3, every isomorphism class of a submissive G ! ¥,,-set is in
A(G). This provides an inclusion A(G) C A(G).

Since Q is flat and Q ® A(G 1Y) = Marks(G 1 %, Q), it follows that Q ® A(G) = Parks(G, Q).
Since A(G) is a graded submodule of the free graded Z-module A(G 1Y), it follows that A is a
free graded Z-module on |Parks(G,n)|-many generators of degree n. Since A(G) contains the
subset of the generators of A(G 1Y) of the form a(A) for A € Parts(G), it follows that A(G) is
the summand A(G).

All that remains to show is that the map A(G) = A(G) — Parks(G) induced by the pullback
is the map y: A(G) — Parks(G) of Definition 8.5, and for this it suffices to show that (13.3)
commutes. To show the square commutes, it suffices to check on the polynomial generators
P,.([G/H]) of Corollary 5.12. The fact that the square commutes on polynomial generators
follows from Definition 5.4 of o and Definition 8.5 of x: A(G) — Parks(G) together with Corol-
lary 10.6. U

Corollary 13.4. The parks homomorphism x: A(G) — Parks(@) is a graded subring embed-
ding. In particular, the character maps A(G,n) — Parks(G,n) are injective.

Corollary 13.5. The parks homomorphism is rationally an isomorphism. That is,
Q® x: Q® A(G) — Q ® Parks(G) = Parks(G, Q)
is an isomorphism. In particular, the maps Q ® fi(G, n) — Parks(G,n, Q) are isomorphisms.

Corollary 13.6. There is a pullback diagram

°

A(G,n) —— A(G1 %))
x| &
Parks(G, n) LN Marks(G 1 %,,)
of commutative rings. In particular, y: /i(G, n) — Parks(G, n) is a map of rings.

Proof. The fact this is a pullback is immediate. The fact that it is a pullback of rings follows
from the fact that x: A(G1X,) — Marks(G%,) and *: Parks(G,n) — Marks(G1%,,) are
ring homomorphisms. O



34 ON THE IMAGE OF THE TOTAL POWER OPERATION FOR BURNSIDE RINGS

Corollary 13.7. The parks homomorphism can be computed in terms of the marks homomor-
phism. Specifically,

X([(G1ER)/a(N]) (k) = X((G 1 Z0) /(X)) (k)
for k, A € Parts(G,n). Note that the y on the left is the parks homomorphism while the x on
the right is the marks homomorphism.

Proof. This follows from the fact that Sa(k) = k. O

Importantly, we may obtain a formula for the character of the total power operation on the
Burnside ring. A formula similar to this has appeared in the literature in [Gan, Section 4.3.4].

Corollary 13.8. There are commutative diagrams

AG) — 5 A(G,n) ———— A(G1S0)

| Jx Jx

Marks(G) LN Parks(G, n) AN Marks(G1%,),

where P, : Marks(G) — Parks(G,n) is the power operation of Proposition 8.3. In particular,
this provides a formula for P, (f) € Marks(G 18, for f € Marks(G):

X (P (f =[] rasp*@vam =TT f([Hal)
[K],m HicH\[n]
for [H] € Conj(G1%,).

14. FORMULAS FOR INDUCED OPERATIONS ON PARKS

Let G and H be finite groups. We consider a fixed abelian group homomorphism F': A(H) —
A(G). Let F': A(H) — A(G) be the map of Definition 6.8. Rationalizing, we obtain maps

F: Marks(H, Q) — Marks(G, Q) and F: Parks(H, Q) — Parks(G, Q).

The map on marks can be given a formula using the canonical bases. In this section, we provide
a formula for the map F' on parks in terms of the canonical bases.

Let M (F') denote the matrix representation of F' on marks in the bases of indicator functions.
That is,

FOH(K) = Y MP)E (),

[L]eConj(H)
where f € Marks(H,Q) and [K] € Conj(G) or equivalently

Z M(F [L ]l[K
where 1[7) denotes the indicator function of a conjugacy class [L].
Proposition 14.1. Define the quantity M(F)'; for k € Parts(G) and A € Parts(H) by the

formula
Z H M C("i) .

Zﬁ—c(m)n i
LeC ()

This is a well-defined formula.
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b
Proof. There are two potential well-definition issues. First, the product [, M (F)Z,f”) with the
domain of summation omitted is only defined when ¢ and ¢(x) have the same length (and thus
the same set indexing their parts), but this is the case when ¢* = ¢(x)*. Then, one must verify
that this quantity is independent of the choice of composition ¢(k), but this follows from the

fact that any two such compositions differ by a permutation in X|,; which amounts to reordering
b

the factors in [, M(F)Z,gn)" for an ¢ differing by the same permutation. O

Theorem 14.2. The map F': Parks(H, Q) — Parks(G, Q) is given by

F(f)w)= Y MESN= Y ME)S.
A€Parts(H) A=l
A€Parts(H)

Equivalently,

— c(k)?
F(fiw)= Y flut) [T mF)"
Z’i:c(r@)jj i '
LeC(Conj(Q))
Proof. By Proposition 6.2, to verify the correctness of this formula, it suffices to check that it is
compatible with the power operations and the transfer product. First, we check compatibility
with the power operations. For f € Marks(H, Q) and k € Parts(G,n), we compute that

P (F(M(k) = TI  FOAED =TT F()(ew))
[KlrénCe%;li'(G) ¢

I S M@ f)

i ¢;€Conj(H)

= Y [TME e

Zﬁ:c(n)u %

£€C(Conj(H))
CI‘L[?
= Y B [[ME)R
Zii:c(f-c)jj 7
£€C(Conj(H))

Clﬁ}[?
= > P > J[ME
Ae€Parts(H) fec(r)t i '

eC(N)
= > ME)RPL(HN) = F(Pu(f)(k).
AeParts(H)

The nontrivial equality on the first line translates between partitions and composition as in
(11.1). The equality between the second and third lines follows from the fact that a choice
¢; € Conj(H) for each i which indexes c(k) is the same data as choosing a decoration from
Conj(H) for each of the parts of ¢(x)f. The equality between the fourth and fifth lines follows
from the fact that summing over compositions is the same as first summing over partitions and
then the compositions of those partitions. The other equalities are applying definitions.
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Next, we check compatibility with the transfer product. For f,g € Parks(H,Q) and p €
Parts(G), we compute that

(F(H)*E@)w) = Y F(f)ucp)lr)E(9)(ue(w)])

1wI=(ul]
C b
D DREEED DERNICTOPICT) | RGO RS | RO R
TuJ=(lul]l  Ef=c(u)®|r iel JjedJ
éﬁ:C(M)”J
keC(I,Conj(H))
£€C(J.Conj(H))

Z F@wl|)g(ul]y) HM

TuJ=[lpl]  F=c(n)*
£eC(Conj(H))

> > flulp uajllﬂf Py

P=c(u)t  TuJ=[lul]]
LeC(Conj(H))

S (frg) ueIIA4 F)X = B(f % g) (1),

C=c(p)*
LeC(Conj(H))

The equality of the first line comes from Proposition 12.5. The equality between the second and
third line follows from the bijection C(I, Conj(H)) x C(J, Conj(H)) = C([|p|], Conj(H)). The
other equalities follow from manipulating definitions and summation order. O

Corollary 14.3. Let A € Parts(H) and let 1, € Parks(H,Q) denote the indicator function of
A. Then,

Py = Y MF)SL,
rk€Parks(G)
so that
F(1y)(k) = = > [IMmwF) °<“).
ﬁ_c(n)ﬁ %
ec()

Corollary 14.4. If the matrix components M (F )E{]] are elements of a commutative ring R,
then the formula of Theorem 14.2 provides a commutative graded ring map

F': Parks(H, R) — Parks(G, R)

which fits into a commutative square

Parks(H, R) RN Parks(G, R)
witnessing compatibility with the character map.

In particular, the results of Section 15, Section 16, and Section 17 apply to an arbitrary
coefficient ring R so long as the coefficients of M (F') are elements of R.
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15. A GENERAL FORMULA FOR TRANSFERS ON PARKS

In this section, we analyze the specific case of Theorem 14.2 when the map F': A(H) — A(G)

is a transfer along a (not necessarily injective) group homomorphism. We only rely on one fact

(K]
(L]
start by proving a generalization of the result for transfers along group homomorphisms, and

then conclude the result about group homomorphisms as a corollary. We continue to use the
notation of the previous section.

about transfers along group homomorphisms: that certain values M (F);,;; are zero. Thus, we

Proposition 15.1. Let F': A(H) — A(G) be a map of abelian groups. Suppose that for fixed
[L], there is at most one [K] such that M (F ){Z] is nonzero. Equivalently, suppose there is a
function ¢: Conj(H) — Conj(G) with the property that M(F)g.f]} is nonzero only if ¢[L] = [K].

Write M (F)( for M(F)"" so that

(L]
F(NKD = Y  M(F)yf(L)

[Lley—1[K]
for f € Marks(H,Q) and [K] € Conj(G). Define coefficients
. aA)!
(P = N TT ()
[L],m

for A € Parts(H). Then, F: Parks(H, Q) — Parks(G, Q) has the following formula:
F(f)(w)= Y, ME)MN)
Aeyitk

for f € Parks(H, Q) and x € Parts(G), where 1! denotes the preimage under 1., : Parts(H) —
Parts(G). Equivalently,

FRw = 3 o) TT @y o,

etk [L],m

Note that the quantities k!/A! = 1, Al/Al are integral.

Proof. To prove this claim, it suffices to study the coefficients

° c(k)’
MES =y [[ME
Zu:c(l@)jj i

eC(n)

b
used in Theorem 14.2. First, note that if ¢.¢ # ¢(k), the product HZM(F);Y") will be zero
b 7
since at least one of the values M(F)ZEK)I' will be zero. Further, in the case that .0 = c(k),
this product is simply [, M (F),. Thlfs,

W= 3 TIME), = e € CO: i = )] [T (MY
[L],m

Pul=c(k) 1
LeC(N)

Thus, it suffices to enumerate those £ € C'(X) such that ¢.£ = ¢(x). There exists such an ¢ if
and only if ¥, A = k. In such a case, choose ¢(\) such that ¥.c(\) = ¢(k). Any other choice of ¢
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differs from c(A) by permutation in ;5 which fixes c¢(x) i.e. a permutation in ... Two such
permutations give the same choice of ¢ whenever o € X (). Thus,

k!
ﬂo
The result now follows. U

(15.2) {6 e CA): hul = c(R)} = [Ee(n): Ben)] =

Corollary 15.3. On indicator functions,

; - WA)!
F(1x) = M(F)ALy,x = (1/}/\' ) Loy, n H (M (F) ) e
' (L]

for A € Parts(H).

Let ¢: H — G be a homomorphism of finite groups. The map Tr,: A(H) — A(G) is
of the form required for Proposition 15.1. The map 3 of the proposition is the induced
map ¢: Conj(H) — Conj(G). That is, the transfer map on marks is determined by values
M(Try)() € Q for [L] € Conj(H) such that

T(NE) = S M(Tr)wf(L)),

[Llep~H([K])

where ¢! denotes the preimage under ¢: Conj(H) — Conj(G). For arbitrary ¢, it is difficult
to give an elegant formula for the coefficients M (Tr,)(z), or even for the transfer map on marks.
A formula for the coefficients M(Tr,)(z) in terms of Mdebius inversion can be extracted from
the results of Bouc in [Boul0, Chapter 5].

Corollary 15.4. Let ¢: H — G be a homomorphism of finite groups. Then, the transfer map
on parks Tr,: Parks(H,Q) — Parks(G,Q) has the following formula:

Tro(f)(s) = > M(Trp)nf(N)
)\Ewiln

for f € Parks(H,Q) and x € Parts(G). On indicator functions,

o

Try (1) = M(Tr )ALy
for A € Parts(H).

Proof. This follows immediately from Proposition 15.1 using F' = Tr, and ¢ = ¢: Conj(H) —
Conj(G). O

16. SPECIAL CASES OF THE TRANSFER FORMULA

Although it is difficult to give an elegant formula for the transfer map on marks for an
arbitrary homomorphism ¢: H — G, some homomorphisms have a convenient transfer formula.
In this section, we seek to provide alternative formulas for Corollary 15.4 in such cases. In
particular, we consider subgroup inclusions and the map H — e.

We begin by discussing subgroup inclusions. Recall the classical formula for the transfer on
marks along a subgroup inclusion

(16.1) Trace(H(KD = Y FOKY).
gHeG/H
KICH



ON THE IMAGE OF THE TOTAL POWER OPERATION FOR BURNSIDE RINGS 39

In particular, this involves choosing a representative for the conjugacy class and the conjugation
action on subgroups. We seek to reproduce these ideas on compositions.

Note that if G acts on X (say, on the right), then G! acts on C(I, X) by acting on decora-
tions. Let ¢: X — X/G denote the orbit map. Then, ¢.: C(I,X) — C(I, X/G) induces to an
isomorphism C(I, X)/G! — C(I, X/G). Of particular utility is the conjugation action of G' on
Sub(G), where Sub(G) denotes the set of subgroups of G. Recall the map u of Section 11 that
associates to a decorated composition its underlying decorated partition.

Proposition 16.2. Let ¢ be a subgroup inclusion H C G. Let f € Parks(H) and « € Parts(G).
Choose a composition k& € ¢;1C(k) € C(Sub(G)) and let ¢(k) = q.k. The composition k
amounts to a choice of ordering of the parts of x, along with a choice of representative for each

of the conjugacy classes that decorate the parts.
Then, Trycq: Parks(H,Q) — Parks(G, Q) is given by

Truca(f)(x) = > f(ug.k?),

gH* IRl egx sl grxIni
k9€C(|x|,Sub(H))

where C'(|x|, Sub(H)) C C(|x[, Sub(G)).
Proof. The coefficients M (Truca)(z) used in Proposition 15.1 are given by
(16.3) M(Truce)ir) = [Na(L): Nu(L)].

We will prove Proposition 16.2 using (16.3) and Corollary 15.4. Notice that the formula of
Proposition 16.2 on Parks(H, 1, Q) = Marks(H, Q) is equivalent to the classical formula (16.1).
Thus, our proof of Proposition 16.2 will additionally verify the correctness of (16.3).

Let =¢ denote the equivalence relation of two subgroups being G-conjugate and =g denote
the equivalence relation of two subgroups being H-conjugate. Choose subgroups L C H and
K C G and suppose K =¢ L. Choose a € G witnessing that K* = L. Then,

{9€G/H: K9 =y L} = a{gH: L =y L} = aNg(L)H/H = Ng(L)/Ng/(L)

so that
Ng(L
(164) ol K9 < (L) = [{oh: K% =y L} = O ar(Teycqy,
[N (L)
Notice that [L] € o7 *([K]) if and only if L =g K. Thus, (16.4) holds when ¢,[L] = [K].

Now, we compute that

S fgky= Y )

gH XI5l eGXIxl prxI] gH XI5 eGXInl /prxinl
k9€C(Sub(H)) LeC(Conj(H))
k9eC (Sub(H))
q«k9=¢

_ Z f(ué)‘{gHXM e Gl s kGGC(sub(H))H

g kI=4
£€C(Conj(H))

— x| x|kl s ppx|sl . (k)9 CH H
- ; k f(ug)‘{gH € GTIHTT: hyocy V1
teC(Coni(1))

_ Z f(ug)HHgH e G/H: (k)9 e fﬁ}‘
prl=q.k i
£eC(Conj(H))
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= Z f(uﬁ) HM(TI‘HQG)@Z

Pul=c(r) i
2eC(Conj(H))
S 50 X I Moo
/\Etp*_lfﬁ ‘p*e ('(K‘) [L]

LeC ()

K!
= > 5O TT M (Tace)m) e = Truce()(w).

,\eap*_lm ' [L],m

The first equality follows by reparameterizing the sum according to the value of ¢,«x9. The second
equality follows by recognizing the the summand is independent of most of the sum’s quantifiers.
The third equality follows by restricting the sum to only those compositions whose corresponding
counting problem gives a nonzero result and by replacing statements about compositions with
index-wise statements. The fourth equality follows by replacing the index-wise counting problem
with a product of counting problems. The fifth equality follows from (16.4). The sixth equality
follows from (11.1) and reparameterizing the sum according to partitions. The seventh equality
follows from (15.2). O

Next, we consider transfers to the trivial group. Recall the Burnside orbit counting lemma
which gives a formula for the transfer A(G) — A(e) on marks:

(16.5) TI“G—w( e Z f

IGI =

for f € Marks(G,Q). In particular, this formula involves taking conjugacy classes of cyclic
subgroups generated by g € G. We will need a version of this for compositions.

Let s: G — Conj(G): g — [{(g)] be the function that maps an element to the conjugacy
class of its cyclic subgroup. Then, we may consider s.: C(G) — C(Conj(G)) which replaces
decorations by elements of G with the conjugacy class of the cyclic subgroup they generate.

Proposition 16.6. The transfer Trg_.: Parks(G Q) — Parks(e, Q) is given by

TrG%e(f) | Z fUS*

=c(A)
cEC’(G’)

for f € Parks(G,Q) and an integer partition A € Parts(e).

Notice that there is a bijection between the set of ¢ € C(G) such that ¢ = ¢()\) and G*IM
so this is really a generalization of Burnside’s orbit counting lemma.

Proof. The coefficients M (Trg.)[x) used in Proposition 15.1 are given

[(Z/IK])*|/IN(K)| K cyclic

16.7 M (Tr =
( ) (Trase) %] { 0 otherwise.

We will prove Proposition 16.6 using (16.7) and Corollary 15.4. Notice the the formula of
Proposition 16.6 on Parks(G,1,Q) = Marks(G,Q) is equivalent to Burnside orbit counting
lemma (16.5). Thus, our proof of Proposition 16.6 will additionally verify the correctness of
(16.7).
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Suppose that H C G is a cyclic subgroup. Then,

{geG: (9l =1H}= ][ {9: (o) = K}

K=¢H
~{K:K=¢ H}x (Z/|H|)* 2G/Ng(H) x (Z/|H|)*.

Otherwise, this set is empty. Thus,
(16.8) {g: [(9)] = [HI} = |GIM(Trge) )

Let ¢ denote the map G — e. Notice that p,x = k* for k € Parts(G). Then, we compute that

|G|M| Z flusyc) = G | 5 Z I (uk)

cf=c(N) kf=c(\), swe=k
ceC(G) keC(Conj(Q)), ceC(G@)

_ ﬁ Y fuk){ce C(G): sie =k}
kf=c())

keC(Conj(Q))

le > fh) [T Ho: o) =k}

Ef=c(\)
keC(Conj(Q@))

Y R [LIGIM (Tras)

G .
kf=c()\) ¢

keC(Conj(Q@))

Yo k) [TM(Treme

kf=c()) i
keC(Conj(Q))

S i Y T (M (T

n =)\ ku—c(k) [K]
KeParts(G) keC(k)

Al
Z 7.}“(“") H (M(TI'G_NZ)[K])K’[K],WL
gi=x 0 [Klm
KEParts(G)

= Trge(£) (V).

The first equality follows from reparameterizing the sum according to the value of s.k. The
second equality follows by recognizing the the summand is independent of most of the sum’s
quantifiers. The third equality follows by replacing the counting problem by the product over
each index of a counting problem for that index. The fourth equality follows from (16.8). The
sixth equality follows from (11.1) and reparameterizing the sum according to partitions. The
seventh equality follows from (15.2). O

The proposition above provides a formula for the transfer A(G,n) — A(X,) on the level of
parks and marks. That is, on the subring A(G,n) C A(G1%,,), the transfer A(G1%,) = A(X,)
admits a Burnside-lemma-like description.
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It is worth noting that such a formula should have been expected. The commutativity of the
diagram

o

A(G,n) —= A(G1%,) —= RU(G15,)

A(e,n) —— A(Z,) — RU(Z,)
and the fact that the composite along the bottom is an isomorphism implies that the formula for
the transfer Parks(G, n, Q) — Parks(e, n, Q) can be given in terms of the formula for the transfer
in representation theory. A consequence of this observation is that, since A(C') embeds in RU(C')

for any cyclic group C, there is always a formula analogous to Burnside’s orbit counting lemma
for the transfer along a surjection from a finite group onto a cyclic group.

17. FORMULAS FOR RESTRICTIONS ON PARKS

In this section, we analyze Theorem 14.2 in the case where the map F: A(H) — A(G) is
a restriction. In fact, we consider a slight generalization of this situation, which includes the
Frobenius—Wielandt map as an example.

Proposition 17.1. Let F': A(H) — A(G) be a map of abelian groups. Suppose that F is given
on marks by restriction along a function. Equivalently, suppose there is a map #: Conj(G) —
Conj(H) with the property that

FOHKD = f(@IK])
for f € Marks(H, Q). Then, F': Parks(H,Q) — Parks(G, Q) has the following formula:

F(f) (k) = f(vur)

for f € Parks(H, Q) and x € Parts(G), where ¥, denotes the pushforward Parts(G) — Parts(H).
On indicator functions,
F(1y) = Z 1,
KEYTIA

for A\ € Parts(H), where ¥, ! denotes the preimage under ..

Proof. This is a simple consequence of Theorem 14.2. First, notice that the matrix components
M(F) are given by

M(F)E) =

k) 1, YK]=[L]
0, otherwise.

Thus, we compute that

y K c(m)',’- 1, d)*li =)\
(3 ] Z H ( )ZE _Z {0 otherwise.
P=c(r)* @ L=, c(K) ’
eC(N) LeC(X)
This completes the proof. O

Let ¢: G — H be a homomorphism of finite groups. The restriction map Res, has a very
simple formula on marks:

Resy (f)([K]) = f(lK]) = f([»(K))])
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for f € Marks(H,Q), where ¢: Conj(G) — Conj(H) is the induced map on conjugacy classes
of subgroups. Thus, we may specialize the previous proposition to the case of restriction along
a group homomorphism.

Corollary 17.2. Let ¢: G — H be a homomorphism of finite groups. Then, the restriction
map on parks Res,,: Parks(H, Q) — Parks(G, Q) has the following formula:

Resy (f)(r) = f(p«r)
for f € Parks(H,Q) and s € Parts(G). On indicator functions,

Res, (1)) = Z 1,

fc@P:l)\

for A € Parts(H).

Proof. This follows immediately from Proposition 17.1 using F' = Res,, and ¢ = ¢: Conj(G) —
Conj(H). O

18. THE FROBENIUS—WIELANDT MAP AND NORMS

Proposition 17.1 is relevant to more than restriction along group homomorphisms. In particu-
lar, we may apply it to the Frobenius—Wielandt map. In this section, we extend the Frobenius—
Wielandt map to the Burnside ring of the wreath product compatibly with the total power
operation and describe the relation to work of Romero in [Rom20].

Let C,, denote the cyclic group of size m. When d | m, we will identify Cy with the unique
order d subgroup of C,,. Further, for a finite group G, let C¢ denote the cyclic group with the
same order as G so that Cg = C|g|-

Recall the Frobenius-Wielandt map w: A(Cg) — A(G). The map w is given on marks by pre-
composition with Cyc: Conj(G) — Conj(Cg) sending [H] to the conjugacy class of Cy C Cg.
Thus, w extends to a commutative graded ring homomorphism w: A(Cg) — /Ol(G), and the in-
duced map w: Parks(Cg, Q) — Parks(G, Q) is given by precomposition with Cyc, : Parts(G) —
Parts(C¢). We have the following corollary:

Corollary 18.1. There is a commutative diagram

A(Cg) —— A(G)
T
A(Cg,n) —2= A(G,n).
We may use 1: A(Cg,n) — A(G,n) to define a map
Wy A(CelE,) — A(GE,)

that is compatible with w: A(Cg) — A(G) through the total power operation P,,. We define
wy, to be the composite

Wt A(Ce1En) 5 A(Ca,n) % A(G,n) — A(G1E,,),

where 7 is the map of Definition 9.4.
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Corollary 18.2. There is a commutative diagram

A(Cg) ——— A(G)

A(CG18,) —= A(G15,).
Recall that, for H C G, the norm (also called tensor induction) from H to G is the multi-
plicative map
Nm$: A(H) — A(G)
induced by the map sending an H-set X to the G-set Funy (G, X) of H-equivariant maps from
G to X. Tt is compatible with the function Nm% : Marks(H) — Marks(G) given by

NmG(f)(KD) = [I  fUx2nH).
KgHEK\G/H
Further, the norm can be constructed from the total power operation. Let n = [G : H]. The
monomial representation (or relative Cayley map) is an injective homomorphism G — H 1 ¥,
which is well-defined up to conjugacy (see [Eve91, Section 5.2] for a complete description). The
norm is the composite

HiZy,
Resg

A(H) 2% A(H1S,) AG),

where the restriction is along the monomial representation.

In [Rom20], Romero considers the interaction between the Frobenius-Wielandt map and
norms for Burnside rings. Let H C G be a subgroup. The subgroup H is said to satisfy the
“ged property” if for all subgroups K C G,

[K N H| = ged(|K], [H]).

Subgroups satisfying the ged property are necessarily normal. Romero proves that the the norm
from H to G commutes with the Frobenius—Wielandt map if and only if H satisfies the gcd
property.

However, Corollary 18.2 explains that the Frobenius-Wielandt map can always be extended
to the target of the total power operation. This suggests that the ged property is really a
requirement on the restriction map Resgm” along the monomial representation, and the next
two results will prove that this is in fact the case.

Since the total power operation factors through A(H ,n), it suffices to understand the com-
posite

. RCSHZEn
A(H,n) = A(H1%,) —<— A(G).
We will call this composite RE.

Proposition 18.3. Let H C G and let n = [G : H]. The restriction map RZ described above
is compatible with the map R : Parks(H,n) — Marks(G) given by the formula

RG (N(K]) = f Y (K“NH]|KaH|/|H]|)

KaHeK\G/H

for f € Parks(H,n) and [K] € Conj(G).
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Proof. Let p: G — H Y, denote the monomial representation. The map R : Parks(H,n) —
Marks(G) is the composite

RE: Parks(H,n) LA Marks(H ! ¥,,) Rese, Marks(G),
and the map Res, on marks is given by precomposition with ¢: Conj(G) — Conj(H ! 3,).
Thus, to understand RZ, we only need to understand the map B¢: Conj(G) — Parts(H,n).
We will prove the proposition by showing that

BelK]= > ([K*NH],|KaH|/|H]|).
KaHeK\G/H

For the sake of this proof, we will choose a particular monomial representation, among the
many conjugate choices. Let [n] be the set G/H so that ¥, = ¥g /g and H*" = HE/H | et
ps: G — 3, be the (Cayley) homomorphism defined by

vx(g): aH — gaH.

Choose a section s: G/H — G of the quotient G — G/H. We will write s(a) for s(aH) to
reduce clutter. Define a function ¢r: G — H*" by

on(9)an = s(a) 'gs(g~a).

Then, the monomial representation is the homomorphism

0: G —= H1%,: g (pu(9),ps(9))

To see that this is a homomorphism, note that

(9)e(9) = (pu(9)es(9)eu(d), ex(9)es(9) = (vu(gg), ¢s(99") = ¢(99'),

where the nontrivial equality follows from the fact that

1 1

(r(9)es(9)en(9))an = s(a) " gs(g~ a)s(g " a) " g's(g' 97" a) = ©(99 )an-

By Definition 9.1,
PolK] = Yo (eE)il le(K)i]).

P(K)icp(K)\[n]
Now, we take advantage of the fact that [n] = G/H and that the action of K on G/H is left
multiplication. Then, we may identify the quotient p(K)\[n] with K\G/H and the quantity
|p(K)i| with |[KaH|/|H|, the number of H-cosets in the K-orbit KaH, where i € [n] is identified
with aH € G/H. All that remains is to understand the subgroup ¢(K):; = ¢(K)am an-

By definition ¢(K)ap o = {¢u(9)arr | 9 € G, gaH = aH?}. In the situation that gaH = aH,
it follows that ¢r(9)ar = s(a) 'gs(a). Further, gaH = aH if and only if a~'ga € H if
and only if s(a)"'gs(a) € H. Thus, it follows that p(K)eg.r = K*(® N H and thus that
le(K)ar am] = [K* N HJ.

Assembling these observations, we find that

BelK]= > ([K*nH]|KaH|/|H]|). O
KaHeK\G/H
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Proposition 18.4. Assume H C G and let n = [G : H]. The diagram

CH

A(Cy,n) =25 A(Cg)

(18.5) lu; J{w

H

A(H,n) —T s A@)
commutes if and only if H satisfies the gcd property.

Proof. The square (18.5) commutes if and only if the same corresponding square on parks and
marks commutes. Using Proposition 18.3, all of the maps on parks and marks are given by
precomposition with known functions, so (18.5) commutes if and only if

Conj(G) —22— Parts(H,n)

Cycl lC ye,

Conj(Cq) LN Parts(Cpr,n)

commutes. For [K] € Conj(G), the top composite is given by

Cyc, Bp([K]) = Cyc, Y (K*nH]|KaH|/|H]|)
KaHeK\G/H
= Y. (Cxennl|KaH|/|H])
KaHcK\G/H

while the bottom composite is given by

B Cye([K]) = Bp((Cx]) = > (Cx™NCul.|CxmCal/|Cn])
CxkmCreCg\Cqa/Ch
_ g ([0 ] 1cm<|K,H|>)_
Lo (&, [H) \ oD ]
Thus, (18.5) commutes if and only if
G lem(|K|, |H
186 3 (Crennl a1 = o (Conagua i D)

KaHeK\G/H

for each subgroup K C G.
Suppose H satisfies the ged property. Then, for each subgroup K C G anda € G, |[K*NH| =
ged(|K |, |H|) so that Cxang = Cgea(|x|, ). Further, H is normal so

KaH| _|KH| _ |K|-|H _  |K| __lem(K]|H])
|H| |H|  [KNH|-[H| ged(|K]| |HI) |H|
and
|G| |G| |[KNH| |G| ged(|K],|H]) |G|
|KH| |K| - |H| |K|-|H| lem(| K|, [H])

From these observations, we conclude (18.6) and thus that (18.5) commutes.
Now suppose that (18.5) commutes and thus that (18.6) holds for each subgroup K C G.
Since the right hand side of (18.6) is just a multiple of a single part with decoration [Cyca(| k|, 5],
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(18.6) implies in particular that [Cxnu] = [Cgea( k), 1m))] since ([Cxnu], [KeH|/|H]) is a sum-
mand of the left hand side. Thus |K N H| = ged(| K|, |H]) for each K so that H satisfies the
gcd property. O
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