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The KdV Equation

The Korteweg-de Vries (KdV) equation

qt + Gxxx — 6qqy, = 0

is one of the earliest examples of a completely integrable dispersive PDE. It

admits a Lax Representation: given q = q(x,t) € C*(R X R), there are
differential operators L(¢) and A(t) given by

L(t) = —03+q
A(t) = —403 + 60y + 345

so that the Lax equation

5 L) +[L(), A1) =0

is equivalent the the KdV equation.
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Another Point of View

Equivalently, the Lax condition

)
SL() = [A(1), L(1)

is the compatibility condition for the system of equations

L)y = Ay
¥e =AY
for i = (x, t) to have a solution: From (1),

%(L(t)l[)) =LY+ Lyy = Ly + LAY

while 3
Z(W) = Ay = Ay = A(\y) = ALy

which gives
Ly+ (LA—AL)yp =0
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Zero-Curvature Representation

o= (%)

Using ¢xx = (g — A)y to express higher-order derivatives of ¢ in terms of ¢
and ¢, we obtain

b} 0 1
—wW = w
ox g—A 0

) ( —qx (29 +4A)>
—w = w
ot

Let

—Gxx + 207 +20q — 4A2 qx

This new form of the Lax equations is called a zero-curvature representation

Jw
g Uw,
Jw — Vo

at
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Zero-Curvature Representation

The compatibility condition for the system

a_w = Uw, dw = Vw
Jx

ot
is obtained by cross-differentiation:

U Vv
Wyt = ngrUVw, Wiy = ngrVUw

S0
U oV

In the case of KdV, the compatibility condition becomes

< )
=0
qt + Qxxx 6‘Wx 0

which is exactly the KdV equation

Scattering Maps
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The AKNS-ZS System

ow
We can begin with a linear equation Fi Uw and attempt to find matrices

V which lead to integrable systems.
The AKNS system is given by
0
ox r 0

where g and r are functions of x and ¢, and

(10
=0 -1

This system, and integrable equations associated to it, were studied in a
landmark paper by Ablowitz, Kaup, Newell and Segur (1974).

The case where ¥ = +7 is called the Zakharov-Shabat system
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Cubic Nonlinear Schrodinger Equation

The Lax representation

E)_w —iAosw + 0 4 w
ox ’ r 0

0 —Ligr ki
W ot r | Do+ 2T )y
ot r 0 —Yiry  Ligr

gives rise to the coupled system

. 1
gy + Elhx - qzr =0
. 1

—1iry + Erxx — r2q =0

Taking r = £ we get the cubic nonlinear Schrodinger equation

. 1
19 + Eﬂxx F W‘zq =0

which is defocussing for the — sign and focussing for the + sign.
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Lax Representation and Inverse Scattering

A Lax representation

Jw

Y =U(q)w
Jw
3 V(q)w

defines
(1) A spectral problem which maps a given potential g to scattering data r

(2) A time evolution of scattering solutions which determines how the
scattering data evolve in time

(3) A Riemann-Hilbert problem which defines a map from scattering data r to
the potential g

This leads to a strategy for solving the associated nonlinear equation by
inverse scattering
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NLS Equation: Direct Scattering Map

Spectral Problem:

ok S 0 g
g—fzza;;‘YJr(q O)‘-P

Fix z. One can show that:
(1) det¥(x) is constant for any solution
(2) If ¢ and ¢, are solutions, ;1 (x) = ¢ (x)M for a constant matrix M
(3) The map
— 0 1
P(x,z) = o (x,z2)oy , 01 = (1 O)

preserves the solution space

Forg=0,z=A€R,¥(x,A) = e %*¥(0) are exact solutions.

Forq # 0,z = A € R, look for solutions g+ satisfying

lim ¥ (x)eM =1
x—rtoo
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NLS Equation: Direct Scattering Map

Spectral Problem:

a¥ 0 g
g—fzza;;‘}ur(q O)‘-F

Forz = A € R, there exist unique solutions Y+ satisfying
limy— 100 ¥ (x)e*% = I

From properties (2) and (3), there is a matrix
a(A)  b(A)
T(A) = . e =P =1
b(A) a(d)
sothat ¥ (x,A) =¥~ (x,A)T(A).
The functions a(A), b(A) are scattering data for g, and are uniquely determined

by

r(A) = —b(A)/a(A)

The map R : g — r is called the direct scattering map
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NLS: Direct Scattering Map

Deift and Zhou (2003) proved the following mapping property of the direct
scattering map. Let

HYY(R) = {u € L*(R) : o/, xu € [2(R)}

1,1 , .
H/M(R) = {u € H''(R) : [Ju||;~ < 1}

Theorem (Deift-Zhou)
The direct scattering map R : q — r is a Lipschitz continuous map from H'!(R)
onto H%’l (R).

A consequence is that, for ¢ € H!(RR), the corresponding reflection
coefficient satisfies the bound

r(M)<p

for some p € (0,1).
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NLS: Time Evolution of Scattering Data

Suppose now g = q(x,t) and that ¥*(x, t, 1) solves

oY

at o 0 g
ax_U‘I’, U= zza3+<q )

0

We seek solutions
WE(x,t,A) = Y5 (x,1,A)C(, )

of N
ot

By substitution

y+

S

ot ot

or
+ +
aaCt — (¥ lvwEcE L ()l a; ot
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NLS: Time Evolution of Scattering Data

aC* AN T —— TN S
9 _ (¥ ar
o=y veret (v T C
Recall i 1.
V= iAoy + A (0 q) + <_21|q| 2qu>
ﬁ 0 7%@( %i|q|2
Assume )
‘Fi(x, tA) = e iAo 4 Ei(x, A t)
where
" OE*
E*(x, A, 1), T(X’A’t) — 0as x — Foo

Assume gq,qx — 0 as x — Foo. Taking x — +oo we conclude

aC* 2
T = —iA 0'3C

SO
Ci(t,)t) _ e—i/\2t173
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NLS: Time Evolution of Scattering Data

We will compute the time evolution of

TA ) = (¥ (x,5,A)) 19T (x,1, 1)

) +
Since Wt = ¥te—iA’tos gatisfies Igi = VW4, it follows that
+
N _ iNYEey + VY
ot
Hence
T (A, 1) 19T L 1w 1 0¥T
= () ()l (v
o ()" =) +(¥)7

—iA203T(A 1) — (F7) VYT +iA2T(A, oy + (¥ ) LVET
= iA2[T(A,t), 03]
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NLS: Time Evolution of Scattering Data

AT(A, t) .
E’at ) 21, 1), 05)
or _
a b 0 -2b
9 =iA?
ot \p 7 260
Hence
a(A, t) = a(A,0)
(A, £) = 2M'b(A,0)
so that
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NLS: Inverse Scattering Map

Recall the spectral problem

a¥ . 0 g
i 1203‘1’4—(7 O)‘I"

and solutions ¥* with limy_; 1 €*®»¥+ = L. For a solution ¥, let
Y (x,z) = M(x,z)e 2%
so that

%M(x,z) = —izad(o3)M(x,z) + (2 g) M(x, z)

For a matrix A,
ad(03)A = [03, A]

We denote by M= the normalized Jost solutions, i.e.,

YE(x,z) = M* (x, z)e 20

Scattering Maps
000000000000 000
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NLS: Beals-Coifman Solutions

%M(x,z) = —izad(o3)M(x,z) + (g g) M(x,z)

Beals and Coifman (1984) showed that this equation admits special solutions,
now called the Beals-Coifman solutions, with the following properties:

(i) Foreachx € R, M(x,z) is analyticin C \ R

(ii) For each x, M(x, z) has continuous boundary values
My (x,A) = lgii(r; M(x, A +ig)
(iii) Foreachz € C\RR,
M(x,z) = Tasx — +oo, M(x, z) is bounded as x — —o0

(iv) The potential g(x) can be recovered from their asymptotic behavior:

q(x) = lim 2izMy;(x, 2)
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NLS: Riemann-Hilbert Problem

Most importantly, the Beals-Coifman solutions satisfy a Riemann-Hilbert
Problem:

Riemann-Hilbert Problem 1. For given r and x € R, find M(x, z) so that:
(i) M(x,z)is analyticin C \ R for each x € R
(i) limzoeo M(x,z) =1

(iii) M(x,z) has continuous boundary values M+ (x,A) on R

(iv) The jump relation

1= P —Wﬂ“)
1

M, (x,A) =M_(x,A)V(x,A), V(x,A)= < ()
holds, where r is the scattering data.

In (ii), the limit is uniform in proper subsectors of the upper and lower
half-planes
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NLS: Inverse Scattering Map

We can now define the inverse scattering map Z : r — q as follows.
Step 1: Givenr € H%’l (R), solve the Riemann-Hilbert problem:

Find M(x, z) analyticin z € C \ R for each x so that
(i) limz—seo M(x,z) =1
(i) M(x,z) has continuous boundary values M+ (x,A) on R

(iii) The jump relation

M (x,A) =M_(x,\)V(x,A), V(x,A)= L—[r(W)F —r(A)e 2t
+(x,A) =M_(x, x,A), X, _<r(/\)82i)\x 1 )
holds

Step 2: Recover g(x) from the reconstruction formula

q(x) = Zli_}rr{)lQZilez(x,z)
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NLS: Inverse Scattering Map

Deift and Zhou (2003) proved the following mapping property of the inverse
scattering map. Recall

HY(R) = {u € L>(R) : /, xu € L*(R)}
Hy"'(R) = {u € HY'(R) : [[ul| - < 1}
Theorem (Deift-Zhou)

The inverse scattering map L : v — q is a Lipschitz continuous map from H%’l (R)
onto HV1(R).
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NLS: Reconstruction Formula

Combining the three results:

(1) The direct scattering map R : g — r is a Lipschitz map from H'"!(R)
onto H%’l (R)

(2) The reflection coefficient evolves according to r(A, t) = ezi/‘ztr(/\, 0),a
continuous curve in H1(R)

. . . . . 1,1
(3) The inverse scattering map 7 : r — g is a Lipschitz map from H;"" (R)
onto H''(R)

we obtain the solution formula
7(t,x) = T (V'R (qo)) (x)

which defines a continuous map

H' (R) x R 5 (q0,t) - H" (R)
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Lipschitz Continuity of R

We'll give key ideas of the proof that
R:HY (R) > g —re H'(R)

is Lipschitz continuous. Recall that ¥%(x, A) solve

oYt . 0
o W) 5
A) b
Y (x,A) =¥ (x,A) (a >
b(A) a(A)

withr(A) = —=b(A)/a(A).
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Lipschitz Continuity of R

Tostudy R : g — r, set
Y (x,A) = e MBN(x, 1)
which satisfies
0 eZi)\x x
iN(x,)x) = L 1) N(x,A),
ax efzzx\xq(x) 0
lim N(x,A) =1

xX—>+00

©)

and note that
lim N(x,A) =T(A).

X——00
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Lipschitz Continuity of R

The function N obeys the integral equation

o 0 e*Ng(y)
N(x,A) =1 /x <e—2MyW) . >N(y,)\)dy
and
lim N(x,A) = (”(A) bm)
e b(A) a(A)
Focus on

(Nll(x,/\)> B <1> - /oo ( 2N q(y)Nay (y, A) ) ;
Npp(x,A) —\o Je \e=2Mg(y )Ny (1, A) Y

which is a Volterra-type integral equation solvable by a Volterra series
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Lipschitz Continuity of R
Renaming Ny1(x,A) = a(x,A), Np1(x,A) = b(x,A), we have

alx,A) =1+ i A (x,A), b(x,A) = — i Appi1(x,A)
n=0

n—1
and on taking limits

(o)

dW) =1+ Y An(A), W) = = L Asia ()
n—1 n=

where
An(A) = / Qn(yl,...yn)ezmq’"(y“'"'y” dyn ... dyy,
Y1 <Y2<...<VYn

@y is a real phase function, and
[T a(y2i-1)a(y2)), n=2m,
Qu(yr,--- yn) =

a(y1) T2 9(v2))a(y2j1), n=2m+1.
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Lipschitz Continuity of R

We have the multilinear series

dN) =1+ Y An(A), bA) = — 3 Ammar(A)
n=0

n—1

Scattering Maps
000080000000000

where A, is a multilinear integral with phase function and amplitude Q;:

[T a(y2i-1)a(y2)), n=2m,
Qu(y1, - yn) =

a(y1) T2 9(v2))a(y2ja), n=2m+1.

From these series one can analyze the map g — r in four stages:
(1) Show that R : LI(R) — L®(R)

(2) Show that R : L'(R) N L*(R) — L?(R)

(3) Show that R : HV1(R) — HO!(RR)

(4) Show that R : H'!(R) — H"(R)
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Lipschitz Continuity of Z

To prove Lipschitz continuity of Z : ¥ — g, we need to:

1. Reduce the Riemann-Hilbert problem to an integral equation, the
Beals-Coifman integral equation

2. Show that the Beals-Coifman integral equation admits a unique
solution y for r € H%’l(IR)

3. Find an explicit reconstruction formula in terms of » and y and use it to
establish Lipschitz continuity of 7
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Lipschitz Continuity of Z

Remark: Recall the 9 operator for z = x + iy:

a=1 i+ii
T 2\9x  ay

and that oF = 0 if F is analytic.

Scattering Maps
000000800000000

Our Riemann-Hilbert problem can be viewed as a @ problem with boundary

conditions:

(0M)(z) =0 ze€ C\R,

1= (V)P r(A)eW)

. ze€R
—r(A)eiMx 1

M. (z) = M_(z) (

It is natural that a PDE boundary value problem can be reduced to a
boundary integral equation
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Beals-Coifman Integral Equation

We can write the jump relation for M in the form

My (2) = (I-wy (1)) (I +wy (A)M-(2)

where
wy () = (ezi)"?r(/\) 2)  wi(A) = (8 _621/\(;61*()\)>
Now let
p(x,A) = My (x, ) (I +wf (A) ™ = Mo (x, A) (I = wy (A) 7
Then

M (x,A) = M (x,A) = p(x,A) (wy (A) + wy ()



KdV ZS-AKNS Inverse Scattering Direct Scattering lime-Evolution Inverse Scattering Scattering Maps
0000 [e]e) o] 000 0000 000000 0000000080 00000

Beals-Coifman Integral Equation

Recall
pA) =My (x M) (T+wf (A) =M (x, ) (I —wy (A) " @)
and
M (x,A) =M= (x,A) = p(x, A) (wy (A) + w5 (7))
From the formula

1 M, (x,A) —M_(x,A)

= — dA
M(x,z) ]H_Zm'/m A—z

we get

X wT w=
M(x2) =14 b [ 1A ) F ()

We will use (4) and (5) to derive the Beals-Coifman integral equation.

A )
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Beals-Coifman Integral Equation

Recall that (I +wy (A))u(x,A) = My (x,A).
For f € H'(R), define the Cauchy projectors C+ by

L £(s)
(CH) =tim [ s

and recall that ||C+||;2_,;» = 1and C4 — C_ = I. Using

)(wy (M) +wy (A))
A—z

_ Lo opxA
M(x,z) =1+ i /IR dA

we take boundary values to recover
M. (x,A) = I+ Cy (puy + pwy).

Hence
(T+wy (A)p =1+ Cy (uwy + pwy)
or
p =T+ Cy (uwy) + C— (pwy)
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Beals-Coifman Integral Equations

Let
Cw(h) = Cy(hwy) + C—(hwy)
The equation
p=1T+Co(p) (6)
is the Beals-Coifman Integral Equation.

Theorem

Suppose that r € HV(R) with ||r|| .~ = p < 1. There exists a unique solution y of
(6) with u(A) — 1 € L*(R).

This is a consequence of the operator estimate
1Coll 22 = 7l
and the solution formula

p—T=(I-Cy) 'Cu(l)
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Vanishing Theorem

Using the reduction of the RHP to an integral equation, we can also prove a
uniqueness theorem for the RHP.

Theorem (Vanishing Theorem)

Fix x € R, suppose r € HYO(R) with ||r||;~ < 1 and suppose that
n(x,z) : C\ R — My (C) solves the Riemann-Hilbert problem with boundary
values ny (x,z) € L?(R). Then n(x,z) = 0.

Idea of proof: Repeat the reduction to a Beals-Coifman integral equation with
v, A) = g (3 A) (T () =0 (x A)(T-wy (A)
and arrive at the integral equation
v =CyV
which has only the zero solution.

A vector n satisfying the hypothesis of the vanishing theorem is called a null
vector for the RHP.
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Reconstruction Formula

The solution y of the Beals-Coifman integral equation determines the
solution M of the Riemann-Hilbert problem via

M(x,2) = 14 5o [ @A L (V) )

Theorem
Suppose that r € H%’l (R), let M(x, z) be the unique solution of the
Riemann-Hilbert problem. Then

%M(x,z) = —izado3(M) + Q(x)M(x, z)

where

Q(x) = <W(;) q(ox)> , _ _7/ lesﬂll (x,5)ds
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Idea of Proof

To prove that

d
%M(x,z) = —izado3(M) + Q(x)M(x, z)
and identify Q, differentiate the jump relation for M to obtain

oM ¢
dx

+i/\ad¢73(M+)> = <BI(;/IT +iAada3(M_)) V(x,A)

and show that
ilado3(M+) — Q(x) € L2(R)

to conclude that

n(x,z) = %M(x,z) +idados(M(x,2)) — Q(x)M(x,2)

is a null vector for the Riemann-Hilbert problem, hence n(x,z) = 0.
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Lipschitz Continuity of Z

From
= ——/ 2”‘57,111 (x,s)ds

write g(x) = qo(x) + ql( x) where

x) = 1 /@6721’3{5 ds
= ——/ 2”‘5 (p11(x,8) —1)ds

The map r — g is a Fourier transform with the required properties.

To analyze r — g1 we use the identity

1100 = ~q0) (% [ 7T a1 ()5

and use Lipschitz continuity properties of r +— 17 — 1 and r — pgp.



