MA670 Russell Brown

1. Chapter 9 , #9.

2. Imitate the proof of theorem 9.1 to show that if

K f(@) = [ K(e/v)fw)dy/y,
then for 1 <p <
1K * fllze(ayre) < 1K |zt (@)1 1| 22 (ayro)-

Hints: The % product is commutative. Also, it may be useful to know that
dy/y is the Haar measure for the group (0, c0) with multiplication as the
group product. This implies that

/oo flaz)dz/z = /oo flz)dz/z
0 0
and -~ -~
/ f(1)z)dz/z = / f(z)dz/z.
0 0
If you wish to use these hints, you should prove them as part of your solution.

3. Let H be the collections of real-valued functions f such that f is absolutely
continuous on [0, 1], f(0) = f(1) = 0 and so that the norm on H given by

i1 = ([ 1rora)

is finite.

(a) Prove H is a Hilbert space over R.

(b) Prove that
|f(z)] < |If]l-

Hint: Since f is absolutely continuous on [0, 1], a fundamental theorem of
calculus holds.

(c) Consider

1) = [ S05@)P +pla)f (@) - f(2)F(z) da

where p € L*(]0,1]) and is nonnegative and F is in L.
Prove that

1
1) 2 SIFIP = IF eI
Conclude that I(f) is bounded below on H.



(d) Let f; be a sequence in H for which

lim I(f;) = i%ff(f).
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Prove {f;} converges in H. (Hint: Imitate the proof that projections
exist in Hilbert space.)

(e) Let u be the limit of the sequence I and show that

I(w) = jof 1().

(f) Compute

atzof(u+t¢), QZSEH

Why is this derivative 07 (Hint: This is easy.)

Using your answer to the previous question, show that if v has two
g gy p q )
continuous derivatives, then

—u" + pu = F.
(h) Show that if v has two continuous derivatives and satisfies
—u" + pu = F,

then .
/Ou'qS'—l—pung—F(;Sda::O, ¢ € H.



